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Abstract. — On a smooth projective variety with k ample hue bundles, we denote by Z the 
complete intersection subvariety defined by generic sections. 

We define the twisted quantum 2?-module which is a vector bundle with a flat connection, a 
flat pairing and a natural integrable structure. An appropriate quotient of it is isomorphic to 
the ambient part of the quantum I?- module of Z . 

When the variety is toric, these quantum I?-modules are cyclic. The twisted quantum I?- 
module can be presented via mirror symmetry by the GKZ system associated to the total space 
of the dual of the direct sum of these line bundles. 

A question is to know what is the system of equations that define the ambiant part of the 
quantum P-module of Z. We construct this system as a quotient ideal of the GKZ system. 

We also state and prove the non-equivariant twisted Gromov-Witten axioms in the appendix. 
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1. Introduction 

Mirror symmetry leads to many different formulations in mathematics : equivalence of de- 
rived categories (known as Homo logical Mirror Symmetry by Kontsevich [Kon95]), isomor- 
phism of Frobenius manifolds (see [BarOO]), comparison of Hodge numbers for Calabi-Yau 
varieties (see for example [Bat94]), isomorphism of Givental's cones (see [Giv98]), isomor- 
phism of pure polarized TERP structures (see [Her06]) or variation of non-commutative 
Hodge structures (see [KKP08]), ... 
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Inspired by the works of Givental (see for examples [Giv96] and [Giv98]), many authors 
look at quantum cohomology with a differential module approach : see Kim [Kim99] for 
homogeneous spaces, see Coates-Corti-Lee- Tseng [CCLT06] and Guest-Sakai [GS08] for 
weighted projective spaces , see also the works of Iritani [Iri06], [Iri07], [Iri08] and [Iri09], 
the book of Cox-Katz [CK99] and the one of Guest [GuelO]. 

From the small quantum product on a smooth projective variety, we can define a trivial 
vector bundle over H^{X, C) xV x C where V C (C*)*" and r := dime H^i^) C) whose fiber 
is H*{X, C). This bundle is endowed with a fiat connection and a non- degenerated pairing. 
This connection is sometimes called the Dubrovin-Givental connection. When X is a toric 
smooth Fano variety, Givental (see also Iritani [Iri09] for toric weak Fano orbifolds) gives 
an explicit presentation of this "D-module using GKZ systems. To prove this isomorphism, 
he uses the equality, up to a mirror map, between the so called / and J functions. 

In the very nice article [Iri09], Iritani enriches this quantum P-module by adding a natural 
integral structure i.e., he defines a Z-local system which is compatible with the connection. 
We call quantum T) -module, denoted by QDM(X), the trivial bundle endowed with a fiat 
connection, a fiat non-degenerated pairing and a natural integral structure. This Z-local 
system is natural in the following sense. Assume that X has a mirror (for instance X is a 
weak Fano toric orbifolds) that is a Laurent polynomial such that its Brieskorn lattice (which 
is a vector bundle with a fiat connection) is isomorphic to the quantum P-module of X. On 
this Brieskorn lattice, we have a natural integral structure that comes from the Lefschetz's 
thimbles. The integral structure defined by Iritani is natural because it corresponds to 
the natural one on the mirror. Notice that the bundle, the connection, the pairing and the 
integral structure is part of the definition of a TERP structure defined by Hertling in [Her06] 
or a variation of non-commutative Hodge structure defined by Kontsevich, Katzarkov and 
Pantev in [KKP08]. 

In this paper, we investigate the same kind of objects associated to a smooth projective 
variety X together with a sphtted vector bundle £ which is globally generated. 

We use the twisted Gromov-Witten invariants and the twisted quantum products to define 
a trivial vector bundle, denoted by F, on //"(X, C) xV x <C where V is an open in (C*)'' 
where the twisted quantum product is convergent. Inspired by the classical case, we define 
a fiat connection V, a fiat pairing S and an integral structure on it. We call twisted 
quantum V-module, the quadruple QDM{X, E) :— {F, V, S, Fj). It satisfies all the properties 
of the classical QDM(X) except that the pairing S is degenerated. We quotient by the 
kernel of S and we get a better object, called reduced quantum V-module and denoted by 
QDM(X, £) := (F, V,5', Fz). More precisely, we consider the trivial vector bundle F with 
the fibers H'^*{X, C) / ker mc^^j, where mc^j, : a — >■ Ctop(^) Ua for any cohomology class a. The 
data (F, V, S, Fj) pass to this quotient and we get QDM(X, 8) that satisfies all the classical 
properties and now S is non-degenerated. So it really looks like a quantum Z?-module of a 
variety. Indeed, we have a geometric interpretation of QDM(X, £): 

Theorem 1.1 (See Theorem 2.42). — Let he ample line bundles on X, and 

assume that dimcX > k -\-3. Let Z be the zero of a generic section of £ := ©f^^A. Denote 
by L : Z ^ X the closed embedding. Then the reduced quantum V-module QDM(X, £) is iso- 
morphic to the sub-quantum V-module QDM^j^^j(Z) o/QDM(Z) whose fiber is l*H'^*{X, C). 

Notice that our integral structure Fz defined on QDM(X, S) is natural because it induces 
the natural one on Q,DMg^^^{Z). 

Then the next natural question is : can we find a presentation of QDM(X, £^) and 
QDM(X, £) when X is a toric smooth variety in terms of GKZ systems ? 

Denote by V the sheaf of differential operators on the basis space of the F (this is not 
really true, the operators that we consider are ZQadg^ where Qa are variable in H'^{X, C) and 
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z is the coordinate on C). Denote by Y the total space of the dual vector bundle Ey . Denote 
by Q the ideal sheaf associated to the GKZ system of the toric variety Y . We have the 
following result. 

Theorem 1.2 (see Theorem 5.10). — Let X be a smooth toric variety withk line bundles 
Ci, . . . , Ck such that {ujx ® Ci® . . .® CkY is nef. We put £ := 

1. // the line bundles Ci, . . . ,Ck o-f^ globally generated then we have the following isomor- 
phism : 

V/g ^ Mir*(J^,V) 

where Mir is the mirror map of Givental and T is the sheaf of sections of F. 

2. // the line bundles Ci, . . . ,jCk o^re ample, we have the following commutative diagram 

V/g > Mir*(J-, V) 

V/ Quot(ct<,p, g) Mir* (J, V) 

where operator attach to the cohomology class Ciop{£) (cf Notation 4-1) and 

Quot(ctop, g) is the left quotient ideal {P e T>,c^^P e g). 

Notice that, unlike the commutative case, the set {P e V,CiopP G g} is not an ideal. 

The ideal sheaf Quot(ctop,^) answer to the following question which is addressed in the 
[CK99, p. 94-95 and p. 101]: What differential equations shall we add to g to get an isomor- 
phism with QDM^„,b(^) ? 

The isomorphisms above are based on the equality (up to the mirror map) between the 
twisted J-function and the twisted /-function of Givental (see [Giv96] and [Giv98]) and a 
careful analysis of the local freeness and rank of GKZ modules. Preeness and rank requires 
the study of Batyrev rings of the toric variety Y -the total space of S'^- which will appear 
as the restriction of the P-modules at 2; = 0, and can be thought as a twisted Batyrev ring 
of the pair {X, £). 

Proving this theorem leads to develop quite a lot of materials and results which deserve 
some precisions. Let us sketch our strategy of proof. 

For the first point of the theorem above, we show that D/^ is a locally free sheaf of rank 
dime i/^* (X, C) = ikF (see Theorem 4.10). This is done in 2 steps. 

— We first prove the coherence oiV/g (see Theorem 4.5). This implies the local freeness 
over 2; 7^ and we use Adolphson's result in [Ado94] to compute the rank. 

- On z — 0, we have a tautological isomorphism between V/g \z=o and the Batyrev ring 
of Y. We prove that this ring is locally free of rank rkF over a suitable algebraic 

neighborhood U (see below). 

For second point of the theorem above, we show in Theorem 4.14 : 

— On z = 0, we prove that the natural morphism between V/ Quot(ctop,^) \z=o and the 
residual Batyrev ring (see Definition 3.39) of Y is an isomorphism. We prove that this 
residual ring is locally free of rank rkF = dimH'^*{X) — dimkermc^^p over U. 

- on 2; 7^ the coherence oiV/g imphes that V/ Quot(ctop, g) is locally free of rank less 
than ikF. 

Let us collect the precise results that we prove on the Batyrev rings, which are interesting 
on their own : 

Theorem 1.3. — Let X be a smooth toric variety with k globally generated line bundles 
£1, . . . , such that the total space of the vector bundle 8 :— ®^=i>Ci has a nef anticanonical 
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divisor. Denote by U the good neighborhood in the spectrum of the Novikov ring defined in 
Notation 3.34. 

1. (See Theorem 3.26) Denote by B the Batyrev ring (see Definition 3.12) of the total 
space of S'^. The morphism : Spcc(i?) |^ — > U is finite, flat, of degree dimiJ^*(X, C). 

2. (See Proposition 3.40) Moreover, if the line bundles Ci,...,Ck are ample then the 
morphism : Spcc(i?''*^*^) \jj — > U is finite, flat, of degree dim H'^* {X , C) where B^^^ is 
the residual Batyrev ring (see Definition 3.39). 

The plan of this article is the following. 

In Section 2, we define first (Subsection 2.1) the twisted quantum D-module QDM{X,£) 
with all its properties and its natural integral structure. Then we define the reduced quantum 
X'-module QDM{X,S) in Subsection 2.2. Finally, we give the geometric interpretation in 
Subsection 2.3 where we prove the first Theorem 1.1. 

In Section 3, we focus on Batyrev rings for toric varieties. Notice that this section can 
be read independently of the rest of the paper. The first Subsection 3.1 is devoted to some 
recalls on toric geometry. In Subsection 3.1 we construct the fan of the total space of the 
vector bundle S. In Subsection 3.2, we define the Batyrev rings. Subsection 3.3 is devoted 
to some recalls on the primitive collections. In Subsection 3.4, we prove that the quantum 
Stanley-Reisner ideal has a Groebner basis indexed by primitive collections (See Theorem 
3.22). In Subsections 3.5 and 3.6, we prove the Theorem 3.26 and Proposition 3.40 quoted 
above in Theorem 1.3. 

In Section 4, we focus on GKZ modules. We prove first that the GKZ module V/Q is 
coherent in Theorem 4.5. Then we prove that it is locally free of rank rkF in Theorem 4.10. 
We finish by a result on the residual GKZ module V/ Quot(ctop,^) (see Theorem 4.14). 
These results use Theorem 3.26 and Proposition 3.40 of the previous section. 

In Section 5, we start by some recall on Givental's mirror symmetry in Subsection 5.1 then 
we state and prove Theorem 1.2 in Subsection 5.2. 

We finish this paper by two appendices. Appendix A contains the proof of the twisted 
Gromov-Witten invariants in genus that are known from the experts. We add it by lack 
of references. 

Appendix B is a complete proof of the fiatness of the connection V using the twisted 
axioms. 

Acknowledgment : We thank Thomas Reichelt, Claude Sabbah and Christian Sevenheck 

for useful discussions. The seminar in Paris organized by Serguei Barannikov and Claude 
Sabbah on the non-commutative Hodge structures was the starting point of this paper. We 
also thank Antoine Douai for helping in the organization of the workshop in Luminy on 
the work of Iritani. We are also grateful to Hiroshi Iritani that pointed out the reference 
[MavOO] (see Remark 2.40) The first author is supported by the ANR New symetries in 
Gromov-Witten theories number ANR- 09-JCJC-0104-01. 

Notation 1.4- — We use calligraphic letters for the sheaves like M.,M.'^^,G,B,C,E. We 
use bold letters for modules or ideals on non commutative rings M, M''^^, G, A, 



2. Twisted and reduced quantum P-modules with geometric interpretation 

Let X be a smooth projective complex variety of dimension n and k globally generated 
line bundles £i, . . . , Ck- Denote by £ the sum £ :— Ci(B ■ ■ ■ (B Ck- 

We first define the twisted quantum V -module, denoted by QDM(X, £), associated to these 
data (Definition 2.24). This is a trivial bundle of rank dime i?^*(-'^, C) with an integrable 
connection, a fiat pairing and an integral structure. 
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It turns out that the pairing of the twisted quantum D-module is degenerated, which 
makes QDM{X,S) a not so natural object, without clear geometric meaning. In a second 
paragraph we introduce the reduced quantum 'D-module QDM(X, (Definition 2.34) ; it is 
constructed as the quotient of QDM(X, by the kernel of the endomorphism mc^^p, which 
is the cup multiplication by the Euler class Ctop{^) of ^ '■ 

me,„, :if^*(X,C)-^i/2*(X,C) 
a I — )■ a U Ctop(i^). 

The reduced quantum D-module is a trivial bundle of rank dim H^* (X, C) — dim ker nic^^^ 
with an integrable connection, a fiat non-degenerated pairing and an integral structure. 

If dimX > A; + 3, we also consider a generic section of £ and denote by Z the complete 
intersection subvariety defined as the zero locus of this section. By Bertini's theorem over 
C, the subvariety Z is smooth and connected. Assuming moreover that the are ample 
line bundles, the Lefschetz theorem gives an isomorphism between C) and H'^{Z,C). 

We can compare QDM(X, £), QDM(X, and the classical, untwisted, quantum T>- 
module of Z, QDM(Z). This will be made in the last subsection. 

Notation 2.1. — For < i < 2n, denote by W{X) := W{X,C) the complex cohomol- 
ogy group of classes of degree i. Also denote by H*{X) the complex cohomology ring 
e-^o^H^) ; the even part of this ring will be written H^*{X). Put s = dime -H"^*(A:) and 
r = dime H'^i.X). 

We fix, once and for all, a homogeneous basis (Tq, . . . , Tg-i) of H'^*[X) such that Tq = 1 is 
the unit for the cup product and that the classes Ti, . . . , form a basis of H'^{X, Z) modulo 
torsion. Denote by (to, ■ ■ ■ , ^s-i) the associated coordinates and put r := X^a=o ^oTa and T2 := 
Ea=i ^aTa- Also dcuotc by (T°, . . . , T"-i) the Poincare dual in H'^*{X) of (Tq, . . . , T,_i). 

As a convention. We will write H2{X, Z) for the degree 2 integer homology modulo torsion. 
Denote by (i?i, . . . , Br) the dual basis of (Ti, . . . , T^) in H2{X, Z). The associated coordinates 
will be denoted by (di, . . . , dr). 

We denote by Tx the tangent bundle of X, ux the canonical sheaf, and fix a canonical 
divisor Kx- 

As a convention, we will make no notational distinction between vector bundles and locally 
free sheaves, writing -for example- £ and £j for both. 

2.1. Twisted quantum P-module. — In this subsection, we define the twisted quantum 
P-module QDM(X,^) = {F,V,S,F^). 

2.1. a. Twisted quantum product. — First recall the definition of the twisted Gromov-Witten 
invariant (c/. [Giv96] and [CG07] or [CK99, Section 11.2.1] and [Pan98]). 

Let f be in N and d be in H2{X, Z). Denote by Xq^^^^ the moduli space of stable maps of 
degree d from rational curves with i marked points to X. The universal curve over Xo^^^d is 

'^o,e+i,d > 

TV 

where tt is the map that forgets the {i+ l)-th point and stabilizes, and e^+i is the evaluation 
at the {i + l)-th marked point. 

Recall that a convex bundle J\f on X is a vector bundle such that, for any stable map 
f : C ^ X where C is a rational nodal curve, H^{C, f*N) = 0. 
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Proposition 2.2. — LetM he a globally generated vector bundle (not necessarily splitted) of 
rank b thenN is convex and the sheaf M^/^d '■— R^t^* ^l+iJ^ is locally free of rank ci{J\f)+b. 

Proof. — Let us prove the convexity oiAf. We follow [FP97, Lemma 10]. 

Let / : C — > X be a stable map and p be a non singular point on C. We will prove by 
induction on the number of irreducible components of C that 

(2.3) H\C,f*J\f^Oc{-p)) = 0. 

First, assume that C ^ We can write f*{M) — ©i=iCpi(ai) with ai, . . . , 0,5 in Z. Since 
jV is globally generated, /*(A/') also is, which implies > for any i in {1, . . . , 6}. It follows 
that H\F\ f*M ^ Oc{-p)) = ©ti^'(P'>Cpi(ai - 1)) = 0. 

Assume now that C — CuCq where Co ~ and p in Cq. Denote by pi, . . . , the points 
of Co n C". Notice that C has exactly q connected components intersecting Cq on exactly 
one point. Each pi is a smooth point of one of these components. We have the following 
exact sequence 

— > f*N®Oc\- EUiPi) — > f*M®Oc{-p) — > rM®OcA-p) — > 

From the associated long exact sequence and by the inductive assumption on the connected 
components of C, we deduce the equality (2.3). The exact sequence : 

> f*N (g) Oc{-p) > f*N > f*U ® Op > 

gives H\C,f*X)^0. 

Now, the stalk at a point {C,Xi, . . . ,X£, f : C — )■ X) in Xq^^^j, of the K-thcorctic push- 
forward A^o^^^d is H%CJ*Af) - H\C,f*Af). Since Af is convex H\C,f*Af) = and 
H^{C, f*J\f) has dimension j^ci^Af) + 6 by Riemann-Roch. Thus, No^d is locally free of 
dimension ci {M) + 6 on Xo/^^. □ 

Let £^o/,d be the sheaf i?°7r* e^_,_^ £ as in Proposition 2.2. For j in {1, ... , £}, we define the 
surjective morphism E^/^d — > e* £^ by evaluating the section to the j-th marked point. We 
define So/^dU) to be the kernel of this map that is we have the following exact sequence 

(2.4) >So,i,dU) >^oAd >e*£ >0 

By Proposition 2.2, for any j G {!,...,£} the bundle So/^ij) has rank Ci{S). 

For i e {1, ...,£}, let DTj be the line bundle on Xo/,^ whose fiber at a point (C, xi, . . . ,Xi, 
f : C — >■ X) is the cotangent space T*Cxi. Put ipi :— ci(Oti) in if^(Xo,£,(i)- 

Definition 2.5. — Let £ be in N, 71, . . . , 7^ be classes in i7^*(X), d be in H2{X,Z) and 
(mi, . . . , mi) be in N^. For j in {!,...,£}, the (j'-th) twisted Gromov- Witten invariant with 
descendants of these data is defined and denoted by 

Tmi (71), • • • , Tm,- {ij), ■■■,rm, he)) ^ / Ctop(^0,Ad(j)) JI 

where e^ : Xo,^,ci — > X (1 < i < £) is the evaluation morphism to the ith marked point and 
[A'o/.d]^"^ is the virtual class on Xo,^,^. 

Definition 2.6. — Let T2 be a class of if^(X) and 71,72 be in if^*(X). The twisted small 
quantum product (with respect to £) of 71 and 72 is defined by 

whenever this sum is convergent. 
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Remark 2.7. — 1. Using the notation of correlators (see (A. 19)) one can define, for any 
r in H'^*{X), a big twisted quantum product : 

s-l 



7i-r72:=5]((7i,72,Ta))^T«. 

0=0 

As usual, we have : •J-" := •Ij-* \t=t2- We will not use of big twisted quantum products. 
2. One can also define the small twisted quantum product without choosing a basis by : 

(2.8) 71 72 := Yl ^^'"'^3* {4 71 U c* 72 U Ctop(^o,3,d(3)) n [Xo,3,d]™) 

deH2{X,Z) 

2.1.h. Parameters. — The quantum product written in Definition 2.6 depends on the pa- 
rameter T2 in H'^(X). The Picard group Pic(X) acts on H^{X) in the following way : for C 
in Pic(X), C.T2 = T2 + 2\^—l-KCi{C). The number being invariant by this action, the 
quantum product is naturally defined over H^{X)/Fic{X) = H'^{X) /2^/^tiH'^{X,Z). 

Let us extend the locus of the parameter. Denote by NE(X)2 C H2{X,Z) the Mori cone 
of X, generated as a semi- group by numerical classes of irreducible curves in X. 

Notation 2.9. — The semigroup algebras of NE(X)z and H2{X,Z) will be respectively 
denoted by A and 11 : 

A = C[NE(X)z] = C[g^ d E NE(X)z], H = C[H2{X, Z)] = C[Q^ d e H2{X, Z)] 

where Q'^ are indeterminates satisfying relations : Q^.Q'^' = Q^^'^' . 

The scheme Spec A is an irreducible, possibly singular, affine variety of dimension r. De- 
note by V the set of complex points of Spec A. Points of V are characters'-^-' of NE(X)z. 
If q is such a character, denote by g*^ its evaluation on d in NE{X)i. Since X is projec- 
tive, the Mori cone is strictly convex and there exists a unique character sending any d in 
H2{X, Z) \ {0} to 0. We will denote this character by and call it, as usual, the large radius 
limit of X. 

The scheme Spec 11 is a torus of dimension r = rk i72 {X, Z) . The set of complex points of 
SpecII will be denoted by T ; a point of T is a character of H2{X,Z) and T is a smooth 
subset of V. We will identify T and H'^{X)/2y/^TrH^{X,Z) via the natural surjective 
morphism of complex variety : 

(2.10) * : H^{X,C) — y T 



T I — > q. 



T 



de H2(X,Z)^qf^e^-i^'^ 



The kernel of ^ is 2y/—lTiH'^{X, Z). Thus, the large radius limit in V D T is a limit in 
H\X)/2V^nH^{X,Z). 

The small quantum product can now be defined with parameter q m \ : 

Definition 2.11. — Let g be in V and 71,72 be in H'^*{X). The twisted small quantum 
product is defined by 

a=0 d&H2iX,Z) 



By a character of a semi-group R of H2{X,Z,) we mean an application q : R — > C such that q{0) = 1 
and q{d + d!) = q{d).q{d') for any d, d' in R. If i? is a group the image of q is in C*. li q is such a character, 
we will write g*^ := q{d). A character g of a semi-group R gives a complex point SpecC — > SpecC[i?] which 
will also be denoted by q ; this correspondence is a bijection. Notice that, if d is in R, Q'^ is a function on 
Specie [iJ] and we have : Q'^{q) = q'^. 
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whenever this sum is convergent. 

Definition 2.11 and Definition 2.6 are compatible : For any T2 in H'^{X), ^{t2) is in T and 

71 'rl 72 = 71 •'^(r2) 72- 

Assumption 2.12. — We will assume that there exists an open subset V of V containing 
the large radius limit such that : 

Vg e V, V71, 72 G //^*(X), 7i 72 is convergent. 

This assumption is easily shown to be true when the line bundle {ujx ® Ci® ■ ■ ■ ® CkY is 
ample, that is when the complete intersection variety Z defined by £ is Fano. In other cases, 
such as Calabi-Yau subvarieties of toric varieties considered below, one may use [Iri07] to 
check this assumption. 

Notation 2.13. — We denote by V the complex nonsingular variety V -.— V HT. 
Thus, y is a smooth locus in V where the quantum product is convergent. We have : 

large radius limit — Q & V (convergent product) C V = Spec^ A 

U U 
^ y (convergent product) C T = SpeCc H ^ {C*Y 

As a convention, we will denote neighborhood of in V by an overlined capital letter, and 
its intersection with T by the same capital letter without overlining (V is a compactification 
of T in the neighbourhood of the large radius limit). 

Let us recall some properties of the twisted quantum product : 

Proposition 2.14- — For any qinV the twisted quantum product is associative, com- 
mutative, with unity Tq := 1. 



Proof. — This is a classical proof, as soon as the twisted Gromov-Witten axioms are known. 
The twisted axioms are shown in Appendix A. Such proves are given by Pandharipande in 
[Pan98], Proposition 3, for a smooth hypersurface of P" and by Iritani in Remark 2.2. of 
[Irill], in the general case. □ 

2. I.e. The trivial bundle with an integrable connexion. — Using basis Ti, . . . , and Bi, . . . , 
Br defined in 2.1, we have : H = C[H2{X, Z)] ^ C[qf, . . . , q^] where := Q^" (c/. footnote 
1). Thus if Ci = Za=l daBa WC get = lYa =1 Qi" in n. Viewing the qaS as coordinates of 
T, we get : q'^ = Y[a=i Q^" for any g G T. 
For a in {1, ... , r}, we put : 

Sa ■= qadq, := zdz- 

Recall that to is the coordinate on i/°(X). 

Notation 2.15. — We denote by F the trivial holomorphic vector bundle of fiber H'^*[X) 
over H^{X) x y x C : 

F := [ H'^*{X) X {H%X) x V x C) ^ X V x C) ] 

together with the following meromorphic connection : 

Va.„ := dt, + -W^, Wsa := + -T^.J-, V^. := 5, - U .^^ +/x 

z z z 

where /i is the diagonal morphism defined by /x(Ta) := | (deg(Ta) — (dimcX — ikS)) Ta and 
€(io, z) :— tol + ci{Tx ® ^^)- This global section € of F corresponds to the Euler field. 
Notice that the twisted product does not depend on t^ because of the twisted fundamental 
class Axiom (c/. Proposition A. 4). 
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In the untwisted case, it is known that V is a flat connection and its flat sections can be 
described exphcitly. Let us give the equivalent property in the twisted case. We deflne the 
multi-valuated cohomological meromorphic function L*"(to, Q, z) : 

H^*{X) — > H^*{X) 
(2.16) 7 ^ L*-(io,g,^)7 = e-W^ ?"^/^7 - ^ E i^-TT^^') ^' 

a=0 if2(x,Z) \ ^ + / 0,2,d 

\ d^O J 



where 



t/j :— t/j-i — ci(OTi) is the class of H^{Xo^s,d) given before Deflnition 2.5, 

^ ^ ^ ken 

q-T/z ^ q-Tl/z_ . . . _q-Tr/z ._ g-^-^ Ea=l log(qa) g^^d 

log ( 9a) is the multi-valuated function, or any determination of the logarithm 
on a simply connected open subset of V. 

For an endomorphism u, we denote := exp(Mlog2;). The following Proposition is the 
"twisted" version of Proposition 2.4 in [Iri09]. 

Proposition 2.17. — 1. The connection V is flat. 
2. For a in {1, ... ,r} and 7 e H'^*{X) we have 

Va,„L*-(to, q, zh = 0, V5„L*-(to, q, = 
Vs.L'-{to, q, zh = L'-ito, q,z)(n- HliZ^^^ ^ 



3. The multi-valued cohomological function L^"" {to, q, z)z ^^^iC^®^^) is a fundamental so- 
lution ofV above H^{X) xV xC. 

Notice that, as a fundamental solution, L*" is convergent above if°(X) x ^ x C. 
This kind of result is classical in the untwisted case ([CK99], [IriOQ]). By lack references 
on twisted Gromov-Witten invariants, we write down a proof in full details in Appendix B. 

2.1.d. The degenerated pairing. — Denote by (•, •) the Poincare duality on H'^*{X). As 
(71, 72, is not symmetric in the three arguments we do not have the Probenius rela- 

\ / 0,3,d 

tion, that is : 

(71 •T 72, 73) 7^ (71, 72 Is)- 

Nevertheless we can deflne a symmetric bilinear form : 
Definition 2.18. — The twisted pairing on H'^*(X) is deflned by : 

V7i,72ei/2*(X), (71,72)*":= / 7iU72Uctop(^). 

Jx 

Proposition 2.19. — 1. The bilinear form (■, ■)*" is degenerated with kernel kermc^^j, 
where mct„p is define as : 

m,,„, : H^*{X) H'*{X) 

OL I — f Ctop(^^) U a 
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2. -For 71,72)73 H*{X), we have the Frobenius relation : 

(71 C 72, 73^ = (71,72 •^73^- 

Proof. — The first claim is obvious. 

By Definition 2.18 and Remark 2.8, it is enougli to prove tiie following equality for any 
deH2{X,Z) : 



63* {el 71 U e; 72 U Ctop(^o,3,d(3)) n [Xo,3,dY") U 73 U Ctop(^) 

63. {el 72 U e; 73 U Ctop(^o,3,d(3)) n [Xo,3,dY'') U 71 U Ctop(^). 
The exact sequence : 

> £"0,3,^(3) > £o,3,d > 63 £ > 

gives ctop(^o,3,d(3)).ctop(63£) = ctop(^o,3,d)- By projection formula we get : 

e3. {el 71 U e; 72 U Ctop(^o,3,d(3)) n [Xo,3,d]"0 U 73 U Ctop(^) 

IX 

el 7i U e^ 72 U eg 73 U Ctop(^^o,3,d) 



L 



As the last number is invariant by permuting the class 7^, we deduce the proposition. □ 

Let O := Oho(x)xVxC be the sheaf of holomorphic functions on H^{X) x K x C, and J-" 
be the sheaf of holomorphic sections of F. Let T{0) be the ring of global sections of (9, and 
r(J^) be the r(0)-modules of global section of F ; T{0) is endowed with the involution : 

r(C) T{0) 
f{to,q,z) ^ := f{to,q,-z) 

Denote by T^T)'^ the r((9)-module equals, as a set, to T{J-') and endowed with the following 
multiplication : V/ G r(0), s G r(J^), f.s := f^.s. We define a a sesquilinear pairing 

by fixing its value on constant sections of F : 

V7i,72 e H'*{X), 5(71,72) = (71,72)*"- 
As a consequence, we get : 

Vsi,s2 e r(j^),v(to,g,^) e H\x) x y x c, 

S{si, S2)(to, g, z) = (si(to, g, -z), §2(^0, ^))'" ■ 

Proposition 2.20. — L The pairing S is V-flat. 

2. For any Si, S2 in r(J^), 

5(L*".Si,L*".S2) = -S(Si,S2). 

3. For any 71,72 in H^*{X) we have 

5(L*"(to, q, z)z-''z'''^'^^®^^hi. L'^^ito, q, z)z-i'z''^^'^^®^^h2) 
^S^^V^.ciTxm-)^^^ e^-^2). 
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Proof. — 1. By the Frobenius property of Proposition 2.19.(2), for any a e {1, . . . , r} and 
for any si, S2 G r(^), we have : 

dtoS{si, S2) = S{Vg^^si, S2) + S{si, Va^^sa)- 
By the definition of fi and Proposition 2.19.(2), for any si, S2 G r(J^) we have 
SzS{si, S2) = S{Ws^si, S2) + S{si, Vs^S2). 

Hence, S is V-flat. 

2. By flatness of S and Proposition 2.17.(2), we deduce that 

V71, 72 e H^*{X), SaS{L'^J^, L*-72) = 0. 

So the expression (L*'"(to, — -z)7i, -f'*^(^o, -2)72)*^ does not depend on q. By the 
asymptotic of L*^ at the large radius hmit, we get 

(L*-(io, q, -zhi, L'^ito, q, ^)72)*" ~,=o (q-^^'li, g^/^72)*" = (71, 72)*"- 

The relation S{L^.Si, -L*^.S2) = 'S'(si, S2) is also true for any si, S2 £ r(J") by sesquilin- 

earity. 

3. By the previous formula and the flatness, we deduce that the left hand side does not 
depends on z. So we can put z — 1. We deduce that the left hand side is equal to 

As S'(— /x(7i), 72) = 5(71, /x(72)) for any 71,72 in H^*{X), we deduce the formula. 

□ 

2. I.e. Integral structure. — In the same way than Iritani [Iri09, Definition 2.9] (see also 
[Irill, footnote 8 p.20]), we define an integral structure on the vector bundle F with con- 
nection V, compatible to the pairing S. 

Denote by 7 the Euler constant. For a vector bundle jV on X of rank b, we consider the 
invertible cohomology class 

f{Af) := n r(l + i^i) = exp ( -7Ci(AA) + J](-l)'(6 - 1)!C(&) Ch,{Af) 

i=l \ 6>2 

where Ui, . . . ,i>b are the Chern roots of and Chfe(A/') is the class of degree 2b of the Chern 
character Ch(A/'). Denote by K{X) the Grothendieck group of vector bundles on X. Recall 
that the morphism Ch : K[X) H'^*{X,Z) become an isomorphism after tensored by C 
(see for instance Theorem 3.25 p. 283 in [Kar78]). 

Definition 2.21. — For any v in K{X), we put 

Z'-^iv) := (27r)-(""'^)/'L*"(to, q, z)z-^z''^^^''^"^f{Tx)f{S)-\2^/^7vf''^/^ Ch{v). 

We call Z**(i^(X)) the f -integral structure on QBM{X,S) and we denote it by F^. 

Remark 2.22. — Notice that Z*"(f ) is a multi- valued flat section of the bundle {F, V) and 
that Z^"" (K (X)) ®i C is the set of flat sections of F. We can understand the formula of Z^"" 
above as "the twist" by r(7x)r(£)~^ of the natural integral structure given by K[X). 

K[X) ^ [F, d) )■ [F, d) > [F, V) 

Proposition 2.23. — For any vi,V2 in K{X), we have : 

S{Z'^{v,),Z'^{v2))= [ c,,p(S)Td(rx)Td(S)-'C^v^®v^,) 

Jx 
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Proof. — Using Proposition 2.20.(3) and e^'^'* = (-l)'^^s/2(yZi)fe-n^ we deduce that 
S{Z''-{v,),Z''-{v2)) 

= (2x/^7r)'=-" / Ctop(^)e^'^^i('^^®^")f(rx)r(f)-^(2x/^7r)'i''s/2ch(^;i) 
Jx 

U (-l)'l^s/2f (-y^)f (^)-i(2^7r)'^^s/' Ch(^;2) 
We have the following facts : for any a,P in H'^*{X), for any v in K{X) and for any 

/ (2^7r)'^'=s/2a = (2^7r)" / a 
Jx Jx 

(_l)deg/2p(^ + 5) ^ r(l - 
(_l)deg/2 cjj(^) ^ Ch(^;^). 

Denote by i/i, . . . , i/„ the Chern root of 7x and ei, . . . , the Chern roots of S. Prom the 
above properties, we deduce that 



Jx \ 



r 1- 



-Itt/ V 2V-l7r 

A: / \ -1 / \ -1 

U ' 

i=i 

Using the formal identity r(2;)r(l — z) = -^^^i wc deduce that 



P(l-z)P(l + ^) 



1 - e-^ 

This implies the formula. □ 
Recall from Definition 2.21 that we denote Fi the integral structure Z^'"{K{X)). 

Definition 2.24- — The twisted quantum V -module denoted by QDM(X, £) is the quadru- 
pie (F,V,^,F^). 

2.2. Reduced quantum D-module. — In this subsection we define the reduced quantum 
D- module, denoted by QDM(X, £), which is a quadruple (F, V,5', Fz). The pairing S is 
non-degenerated . 

Recall that mc^„^ is the endomorphism 

01 1 — > Ctop(i^) U a. 



Put H'^*{X) := H (X) / ker rrictop and call it the reduced cohomology ring of {X,£). Since 
rrict^p is a graded morphism, the vector space H'^*{X) is naturally graded. Por 7 e H'^*{X), 
we denote by 7 its class in H^*{X). 



Denote by F the triviaJ_ bundle x H°{X) x F x_C ^ x F x C. On F, we 

will define a connection V and a non-degenerated paring 5". They will be induced by those 
on F. 

Por any 71,72 G H'^*{X), define the reduced pairing (•, •)'^'^'^ which is a bilinear form on 
F2*(X) by 

(2.25) (71,72)^^':= (71,72)*". 
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By Proposition 2.19, kcr rrict^^ is the kernel of the twisted pairing. It follows that the reduced 
pairing is a well defined and non degenerated bilinear form. 

We define the pairing S as we did for S but changing (■, by (■, ■)'^'^'^ (c/. before Propo- 
sition 2.20). From (2.25), for any si,S2 G V{H^\X) xV x C,J^), we deduce that 

(2.26) S{s^,S2) = S{s,,S2) 



Let (00, . . . , 0s'-i) be a homogeneous basis of H'^*{X) and denote (0°, . . . , 0*' ^) its dual 
basis with respect to (•, ■Y*^'^. 

Definition 2.27. — Let 71, . . . ,7„ be classes in H'^*{X). 

1. Let d be in H2{X,Z). The reduced Gromov-Witten invariant is 

(Ti, ■ ■ ■ , lnY^i,d — (71, ■ ■ ■ , Ctop(^^)7n)o,^,d 

2. The reduced quantum product is 

a=0 deH2{X,Z) 

Remark 2.28. — By the twisted S'„-symmetric axiom (c/. Proposition A. 2), the reduced 
Gromov-Witten invariants are well defined on the class in H'^*{X). Notice that the reduced 
Gromov-Witten invariant are Sn symmetric. The convergence domain of •^^'^ contains V. 
We will restrict ourselves to V. 

Proposition 2.29. — For any 71,72 in H'^*{X), we have 

71 72 = 7i •l"^ 72 
Proof. — Using Formula (2.8) for the twisted quantum product we get : 



71 72 = 2^ Q 

deH2(X,Z) 



where we put a := (e^ 71 U e^ 72 U Ctop(^^o,3,d(3)) n [Xo,3,d]^"). Denote by J„ e H^*(X) a lift 
of (f)a. By Definition (2.25), we have 

s'-l s'-l 

ei^tt = E (^sTa, 0a)''''^ = E (^3*0;, 0a) 0" 

a=0 0=0 

Using projection formula, the proposition follows from 

tw 



(7l,72,0a)ot3,d = (7l,72,Ctop(^)0a)o,3,d = (e3*tt, 0a) 



□ 



Define the following connexion on the bundle F : 



-1< 

z 



Va*„ := 9,, + -l.-'i, Vae{l,...,r}, := 5„ + -T^.f 



z 

where JI is the diagonal morphism defined by 77(0a) := | (deg(0a) — (dime X — rkf )) 0^ and 
€ := toT + Ci(73f 0^^^). 

Corollary 2.30. — For any 7 e H^*{X), we have : 

V7 = V7 
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Proof. — This follows from Proposition 2.29 and from ^{Ta) — n{Ta). □ 
Lemma 2.31. — For any (to, q, z) in H^{X) xV xC, we have : 

L*^(to, g, 2;)(ker me,„J = ker m^.^^. 

Proof. — Let 7 be in ker mc^^p and a G H'^*{X). Since L^^{to,q, z) is an automorphism of 
H'^*{X) and ker mc^^p is the kernel of the twisted pairing (•, -Y"" we find, using Proposition 
2.20 : 

{a, L'^ito, q, z)^y^ = {L'-{to, q, -z).{L'-{to, q, -z))-\a, L'-{to, q, z)^)'^ 

= {L'-{to,q, -z)-'a,jY- = 0. 

Then L*"(io, q, z)j belongs to ker mc^^j,. □ 

This lemma permit us to define a reduced L function : for any {to,q, z) & V x C put 

(2.32) L{to, q, z) : H^*{X) m*{X) 

7 I — > L{to, q, zYf = Lt^(to, g, z)-f 

In the same spirit of §2.1.e, we also get an induced integral structure on QDM(X, £). Denote 

by 

K{X) := K{X) I {v I Ch(^;) e kerm^.^J. 

The Chern character Ch : KiX) — > induces a reduced Chern character Ch : K{X) — > 

H^*{X) which become an isomorphism after tensored by C. For any v e K{X), we put 

Z{v) := (27r)-("-'^)/2;^(to, q, z)z-^'z^'^'^^^^^^f{Tx)f{S)-^{2^/^^^f'^/^Ch{v). 

In the same spirit of Definition 2.21, the reduced T -integral structure on QDM(X, £) is given 
by Z{K{X)) and we denote it by F^. 

Corollary 2.33. — The triple {F,'^,S) satisfies the following properties. 

1. The connection V is flat and S is non- degenerated and V-flat. 

2. A fundamental solution ofW is given by L(to, q, z)z~^z'^^^'^^^^'^\ 

3. For any Si,S2 G r(J^), we have 

S{L{q,z)si,L{q,z)s2) = S {31,82) 

4. For any v in K{X), we have Z{v) — Z^'^iv). 

5. For any vi,V2 in K(X), we have 

S{Z{v^),Z{v2))^ [ ctop{S)Td{rx)Td{S)-^Ch{vi^V2''). 
Jx 

Proof. — (1) Proposition 2.17 and Corollary 2.30 implies the fiatness for V. The fiatness of 
5" follows from Proposition 2.20 and Equality (2.26). 

(2) This statement follows easily from Corollary 2.30 and Proposition 2.17. 

(3) The equality follows from Proposition 2.20 and Equality (2.26). 

(4) This follows from the statement (2). 

(5) The equality follows from the previous equality. Equation (2.26) and Proposition 2.23. 

□ 

Definition 2.34. — The reduced quantum V-module associated to the pair {X,£) is the 
quadruple {F,W,'S,F^) denoted by QDM(X,£:). 

Remark 2.35. ~ 1. The set 'Z{K{X)) ®z C is the set of fiat sections of QDM(X, E), 
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2. The reduced F-integral structure on QDM{X, E) defined above is the one induced by the 
F-integral structure on QDM(X, defined in Definition 2.21 ie., we have Z[K[X)) — 

2.3. Geometric interpretation of the Reduced Quantum D-module for complete 
intersection subvEirieties. — 

Assumption 2.36. — In this section, we assume that dimc-'^ > A; + 3 and that the fine 
bundles Ci,...,Ck are ample. This makes it possible to use Hyperplane and Hard Lefschetz's 
Theorems. 

Notation 2.37. — Fix a generic section of £, and denote by Z the projective subvaricty 
defined by this section. By Bertini's theorem, Z is a smooth complete intersection subvariety 
of X. Denote hj l : Z ^ X the corresponding closed embedding. 

By Lefschetz's theorem we have 

(2.38) H^*(Z) = Im i* ® ker 

and ker C H'^''^^^{Z). We put H^:^^{Z) := Imt*, this is the part of the cohomology of Z 
coming from the ambient space X. We have the following commutative diagram 

(2.39) H^*{X) > H^*{X) 




where p is the natural projection and / : 7 "-^ t*7. By the decomposition (2.38), the 
morphism / is an isomorphism. In particular we have an isomorphism H'^[X) ~ H'^[Z) and 
H\X) ~ //0(Z). 

Remark 2.40. — It should be possible to improve Assumption 2.36, at least for toric vari- 
eties. For example, if X is a toric projective variety of dimension at least 3, A; = 1 and Ci is 
a nef (not necessary ample) line bundle on X, then Theorem 5.1 of [MavOO] ensures that Z 
is a smooth connected hypersurface satisfying : H'^*{Z) — ImL* (B keri*. 

Proposition 2.41- — Using Notation 2.37, and under Assumption 2.36, for any 71,72 £ 
H''*{X), T2 e H''{X), 

<l2) = i*{ll) •f.(.,) ^*(72), 

where is the quantum product on Z. 

Proof. — The proof is given in Proposition 4 of [Pan98], for a smooth hypersurface of P". 
The general case is treated by Iritani ([Irill], Corollary 2.3.) using functoriality of virtual 
classes (c/. [KKP03]). □ 

Recall that we identify H^{Z) with iJ°(X). The classical quantum P-module associated 
to Z, denoted by QDM(Z), is the triple (F^, V^, S^) where 

1. is the trivial bundle H'^*{Z) x H%X) xVzxC^ H%X) xVzxC where Vz is the 
subset of H'^{Z)/Pic{Z) where the quantum product on Z is convergent 



(^^We use the same parameter q because of the isomorphism l* : iJ^(X) ~ H^{Z) 
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2. the connection is defined via the same formula than V with the quantum product 
of Z and S :— ci{Tz) +tol and 

f^^{ipa) = ^ (deg(^a) - dime Z) ipa- 

where (■^a) is a basis of H^*{Z). 

3. The non-degenerated pairing is defined in the same way of S but with the Poincare 
duahty of H'^*{Z). 

Moreover, on QDM(Z) Iritani defined the T-integral structure (see Definition 2.9 [Iri09]) via 
Z^{K{Z)) where for any w in K{Z), he puts 

Z^{w) = (27r)-("-'=)/'L^(io,g,-z)-z"''^-z'^^'^^^f(rz)(2v^7r)^"s/'Ch(«;). 

In Proposition 2.10 of [Iri09], he proves that Z^{w) ®i C is the set of fiat sections of 
QDM(Z). 

We consider the trivial sub-bundle of whose fibers are Hl*^^^{Z). This sub-bundle is 
stable by and the pairing is still non-degenerated on it. We denote QDM3^i,(Z) this 
sub-quantum D-module. By Proposition 2.41, the base space of this bundle could be 
restricted to H^{X) x 1/ x C. We put K^^y,{Z) := i*K{X). We have that K^^y,{Z) (8)z C 
is isomorphic to H^^^{Z) via the Chern character. So Z-^(ii'amb(^)) ®z C is the set of flat 
sections of QDM^^^{Z) that is {Ki^„ii,{Z)) deflne a F-integral structure on QDM.^^^^-^{Z). 

The integral structure put on Q,DM{X,£) in §2.1.e is compatible with the one defined by 
Iritani, that is we have the following theorem. 

Theorem 2.42. — Using Notation 2.37, and under Assumption 2.36. The reduced quantum 
V-module QDM(X, £) is isomorphic to the sub-quantum V-module QlDyi^-^^{Z) o/QDM(Z). 

Proof. — First, we get an isomorphism of bundles. We still denote it /. From Proposition 
2.29 and Proposition 2.41, we have : 

fill •T12) = fh^^2) = •T 72) = (^*7i) -f (^*72) = /(7i) -f /(72). 

The adjunction formula gives : Ci(7z) = i*Ci{Tx ^ Since the dimension of Z is the 

dimension of X minus the rank of £, we deduce that lJ-^{f{^)) = /(/^(T))- It follows that 
the isomorphism of bundle / satisfies : 

(2.43) V^/(7) = /(V7) and S{-f,n,) = 5^(/(7i), /(Ts))- 
Let show that for any 7 be in H'^*{X) 

(2.44) / (L{toq, ^)^-P^<=i(73c®£^)^^ ^ ^z^^^^ ^^^_^^^ci(rz) j(^) 

By equation (2.43), both side are fundamental solutions of QDM^^^^^Z), so they differ by 
the conjugation of a constant matrix. At the large radius limit, they are both equivalent to 

This implies that the constant matrix is the identity that is we have Equality (2.44). 

Let show the compatibility between the integral structures that is f{Z{v)) — Z^{i*v) for 

V in K{X). We use Equality (2.44) with 7 := r(73f)r(£:)-i(-l)deg/2 Ch(v). As we have 

/(7) = i* (f{rx)m-') {-ir^^/h*Ch{v). 

As we are in complete intersection, the normal bundle Nz\x = t^*^- So we have the following 
exact sequence 

(2.45) > Tz > i*Tx > i*£ > 
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This implies that the Chern roots if i*Tx are the Chern roots of Tz and the Chern roots of 
i*8. We deduce that T{l*Tx) = T{i*E)V{Tz)- As the class V{v) is compatible with pull-back, 
we deduce that = ^^(i*^). □ 

Denote by (■, ■)k{z) the Mukai pairing that is {wi^W2)k(z) '■= ® "^i)- "^^^ following 

proposition show a relation between the Mukai pairing in K[Z) and the three pairings 
■), S{-, ■), S^{-, •) on respective flat sections. 

Proposition 2.46. — For any vi,V2 in K{X), we have 

^S(Z{v^),Z{v2)) 
^S{Z''-{vi),Z''-{v2)). 

Proof. — The first equality follows from Proposition 2.10 of [Iri09]. Prom Proposition 2.23 
and Corollary 2.33, it is enough to prove that 

(2.47) {i*v^, i*V2)Kiz) = [ ctop(^) Td(rx) Td{S)-' Ch{v^ ® v^^). 

Jx 

From the exact sequence (2.45), we deduce that Td(7z) = i*{Td{£)~^ Td(73f)). By Riemann- 
Roch and the projection formula, we have 

{l*Vi, L*V2)k{Z) = x{'^*vi <8) i*V2) 

= J Td{Tz)i* Chivi^v'^) 

= / L,L* {Td{E)-^Td{rx)Ch{vi®v^2)) 
Jx 

The last equality is exactly (2.47). □ 



3. Batyrev rings for toric varieties with a splitted vector bundle 

From now on, X is a toric smooth projective variety endowed with k globally generated 
line bundles £i, . . . , Ck- 

In [Bat93], Batyrev constructs a ring based on the combinatorial data of a smooth toric, 
projective variety. In the Fano case, it is the quantum cohomology ring of this variety. As 
shown in [Irill], it is also the restriction at z = of the quantum module. 

In this section, we define the Batyrev ring associated to the data {X,Ci, . . . ,Ck). It is 
constructed as the classical Batyrev ring of a quasi-projective toric variety, namely the total 
space of denoted by Y. This construction could be generahzed to any quasi-projective, 
smooth toric variety defined by a convex fan. 

More precisely, we prove the three following results that will be used in the rest of the 
paper. 

1. The total space Y of £^ is a quasi-projective smooth toric variety defined by a convex 
fan A. The Batyrev ring S of a y is a quotient of the ring A[xp] := A[xp,p e A(l)], 
where A is the Novikov ring previously defined, and A(l) is the set of rays of the fan A. 
The quotient is made by the sum of two ideals, respectively denoted by QSR (Quantum 
Stanley- Reisner ideal) and Lin (Linear ideal). Our first result in Theorem 3.22 gives a 
Groebner basis of QSR in terms of primitive collections of the fan (see Notation 3.19). 

2. Moreover, assuming that the anticanonical divisor of Y is nef then there exists a Zariski 
neighborhood U of the large radius limit in A such that Spec S — > [/ is finite, fiat of 
degree dimH'^*{X) (see Theorem 3.26). 
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3. To set up our last result we first define the residual Batyrev ring, denoted by B^^^ 

(see Definition 3.39) : it is the quotient of A[xp] by the quotient ideal {G : Xtop) 

of G := QSR + Lin by a monomial Xtop defined in terms of the We show that 

Speci?'''^'^ U is finite, fiat of degree dimH^*{X) — dim ker mct<,j, (see Proposition 
3.40). 

Subsections 3.1, 3.2 and 3.3 are preliminary results : 

— some recalls of toric geometry to construct the fan of Y, 

— the definition of the Batyrev ring, 

— the definition of primitive collections and classes. 

Subsection 3.4 is devoted to the proof of Theorem 3.22 on Groebner basis. In the last two 
subsections, we prove Theorem 3.26 on Batyrev ring and then Proposition 3.40 on residual 
Batyrev ring. 

3.1. Notations for toric varieties. — This section is mainly based on [Ful93] and 
[Mus]. 

Denote by a n-dimensional lattice and by M its dual lattice. Consider a fan S of 
iViR = M and denote by S(/) the set of /-dimensional cones of a. The set of rays of S is 
S(l) = {^1, . . . , 9m}, and for any 9 G S(l) we denote by the generator of 9 H N. 

The n-dimensional toric variety defined by E is denoted by X. For any cone cr e E we 
denote by U{a) the affine variety : 

SpecC[(7^] := SpecC[x",ii e M,Vx e a, {u,x) > 0] 

where are indeterminates. To any ray 9 e E(l), there is an associated toric Weil divisors 

denoted by Dg. 
We assume that : 

1. E is non singular i.e., for any ray cr G E, the set {wg, 9 G E(l), 9 G a} is part of a basis 
of the lattice A'^. This is equivalent to X being smooth. 

2. X is projective. 

Let £i, . . . , £fc be /c globally generated line bundle over X, and S := Let Li, . . . , 

be k toric divisors such that £j = 0{Li). We write : 

6ies(i) 

Fan of the total space of S"^. — Consider the n + k dimensional lattice N' :— N ® 1]^ . Let 
(ei, . . . , efc) be the canonical base of TLt" . Denote by : 

: iV' = AT X — >N 

the natural projection. Define a fan A in iV^ := iV' M in the following way : 

— The rays of A are indexed by E(l) U {Li, . . . , L^} : 

For 9 G E(l), put ve := («'e. 0) + Eti 4(0, q), 
For i = 1, . . . , /c, put vl- := (0, e^). 

Then, 

A(l) := {pg := R+^;e, 9 G E(l)} U {pz,, := R+^;i„ i = 1, . . . , A;}. 

— a strongly convex polyhedral cone o" is in A if and only if ^(a") G E. 

By assumption, the line bundles Li are globally generated and the function -0^. associated 
to each toric divisor Lj is concave. This gives : 

Fact 3.1. — As the line bundles Ci, . . . , Ck are globally generated, the support | A| = UaeAC 
of the fan A in is convex (we will say that A is convex). 
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It will be convenient to make the distinction between rays pe coming from the base variety 
X, and rays pi- coming from the splitted vector bundle S. 



Notation 3.2. — We put : 

. base , „ . , ^ 

A(i)={pe,9eE{l)}, 

. / N . base . v.b. 

so that A(l) = A(i) UA(i). 



Let Y be the toric variety associated to A. As X is smooth, Y is also smooth. We denote 
by the same letter 

(f):Y — > X 

the scheme morphism induced by the projection : N' — y N. 

The next proposition gives a geometric interpretation of the toric variety Y : 

Proposition 3.3 ([CLSll], Proposition 7.3.1 and Exercise 7.3.3) 

The toric variety Y is the total space of the dual vector bundle S'^ ; the toric morphism 
(j) -.Y ^ X is the natural projection of this vector bundle. 

One can easily check the following result about cohomology classes : 

Proposition 3.4- — The projection cf) : Y — > X induces an isomorphism : 

(j)* : H*{X) ^ H*{Y). 

Moreover, if i zs m {1, . . . , k} and Di is the divisor of Y corresponding to the ray p^. (see 
construction 3.1), we have : 

[L,] = 0*[-A] tnH\X). 

Example 3.5. — Consider the fan of P-*^ given by (N = Z,wi = l,W2 = —1), C = 0{2) and 
L = 2Di. The fan A is given by the rays vq, = (1, 2),vo^ = (—1, 0) an vl = (0, 1) {cf. Figure 

1). 
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Figure 1. Fans S and A associated to X = P\ £ = 0(2^1 
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3.2. Batyrev ring of a queisi- projective fan. — We define and study the Batyrev ring 
of tlie fan A defined in section 3.1. 

Remark 3. 6. — Notice that all the results of this part remain true for any fan F in a lattice 
L such that : 

1. r is non singular «.e., defines a smooth variety. 

2. The support of V is convex of maximal dimension dimL. 

3. r defines a quasi-projective variety. 

Denote by NE(r)z C H2{Y,Z) the (integral) Mori cone of Y : 

NE(F)z = < ^ nc[C],nc G N, [C] numeric class of irreducible curve 

^ finite sum 

The (integral) nef cone in H'^{Y, Z) is the dual cone to NE(y)z. It is generated by globally 
generated divisors. 

Following [CvR08], to each toric Weil divisor L = ^5ig^(i) ^oDq is associated a piecewise 
linear functions iJjl from the support | A| of A to M which is linear on any cone of A, integral 
on N', and satisfies : 

e A(l), Mwe) = -ie. 

Denote by PL (A) the set of piecewise linear functions from |A| to R which are linear on 
any cone of A and integral on N'. PL(A) is isomorphic to the set of toric divisors of Y, 
which is also isomorphic to the set ^-^p (recall that Y is smooth). There is an exact 

sequence : 

(3.7) — > M' — > PL(A) = Z^(^) — > H^{Y, Z) — > 0. 

Let CPL(A) C PL(A) be the subset of concave functions, then the image of CPL(A) by the 
map PL(A) — > H^{Y, Q) is the Nef cone of Y. 

Also recall that the ample cone of Y is the interior of the nef cone. It is the image by 
PL (A) (g) R — > if^(y,R) of the set of strictly concave piecewise linear functions of |A| 
(c/. [Mus], Chap. 6). Since y is a quasi projective variety, the ample cone is non empty 
and its dimension is equal to r = dim H'^[Y,M.). 

We define the coefficient ring of y by : 

A := C[NE(y)z] = c[g^ d e NE(y)z]. 

Remark 3.8. — In this article, y is a fiber bundle of base X. As a consequence, the 
cohomology groups, nef cones, Mori cones of X and Y are isomorphic, and A = C[NE(y)z] — 
C[NE(X)z] (see Proposition 3.4). 

Let 0? be a class of H2{Y, Q). We put 

dp := Dp.d = / Dp. 

Jd 

For any ray p of A. Dualizing the exact sequence 3.7 gives : 

(3.9) H2{Y, Q) Q^(^) ^Nq^O, 

Where the image of d e H2{Y, Q) by the left arrow is (rfp)peA{i) e Q"^^^^. 

For any real number a, we also put a"*" = max(a, 0), a~ = max(— a, 0) so that : a = — a~ . 
Finally put d^ = (rfp)peA(i) and d^ = (rfp)peA(i)- Identifying d G H2{Y,Z) and its image in 
Z^*^^) (see the exact sequence 3.9), we have : 

d = d+ -d-. 
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Consider a set of indeterminate Xp, p e A(l), corresponding to the set of rays of A, and 
the single indeterminate z. We put : 

K[xp] :=A[x^,pe A(l)]. 

For any d e i?2(^, denote by the polynomial : 

(3.10) Rd := x"^ - QV = H xf -Q'' II xf. 

peA(i) peA(i) 

The quantum Stanley-Reisner ideal of A[xp\ is the ideal QSR generated by the Rd : 

(3.11) QSR := {Rd, d e NE(y)z) 

The linear ideal of A[xp], is the ideal Lin generated by the following linear polynomials 
ZJs : 



Lin := / Z„ := ^ {u, Vp)xp, u e M' ) 
\ peA(i] I 



peA(i) 

Definition 3.12. — The Batyrev ring of A is the ring : 

B := A[xp]/G, 

where G := QSR + Lin is the sum of the quantum Stanley-Reisner and linear ideal. 

Remark 3.13. — Suppose that N' is equipped with a basis (ei, . . . , e„'). In that situation, 
we will put 

Vi = 1, . . . Zi := Ze*, 

where {e\, . . . , e*,) is the dual basis of (ei, . . . , e„/) in M' . The hnear ideal Lin is generated 
by Zi,...,Zn'. 

3.3. Primitive collections. — Following Batyrev ([Bat93]) and Cox ([CvR08]) we de- 
fine : 

Definition 3.14- — A subset {pi, . . . iPi} of A(l) is called a primitive collection for A if 
{pi, . . . , pi} is not contained in a single cone of A but every proper subset is. 

Let C = {pi, . . . , p/} be a primitive collection, and vi, . . . ,vi be the generating vectors of 
Pi n N' , . . . , pi n N' . Let (7 be the minimal cone of A containing v — Y2\=i "^j- Denote by 
p[, . . . , p'g the rays of a and v[, . . . ,v'g the primitive vectors of the p[. Since a is the minimal 
cone of A containing v, the vector v is in the relative interior of a and there exists s positive 
numbers such that : v — aiv[ + ■ — h agv'g. Moreover, since v is in N' and the Vj are part 
of a basis of N' (A is non singular), then the a/s are uniquely defined in N>o. 

Remark 3.15. — With the above notations : {vi, . . . , v/} fl {v{, . . . , v'g\ — 0. (See propo- 
sition 1.9 of [CvR08]). 

Let C = {pi, . . . , pi} be a primitive collection and v — Yli=i Vi — a\v']^ -|- • • • -|- agv'^ be as 
above. Then 

I s 
i=l 3=1 

The exact sequence 3.9 shows that H2{Y,Z) = ker(Z^(^) — )■ N'), and there exists a well 
defined element dc € H2{Y,Z)) such that : 

^ r 1 if p G C, 

d^^^Dp.d^= Dp=} -a, ifp = R+i;;.,je{l,...,s}, 
'^'''^ I otherwise. 
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Definition 3.16. — The class of a primitive collection C is the class dP e i?2(y, defined 
as above. 

Lemma 3.17. — Let C he a primitive collection, then dP e NE{Y)z. 

Proof. — See [CvR08], proposition 1.9. □ 

Also recall the following result from [CvR08] (Proposition 1.10) : 

Proposition 3.18. — The Mori cone NE{Y)x is generated by classes of primitive collec- 
tions. 

A similar proposition for the Stanley-Reisner ideal will be proved in the next section. 

Notation 3.19. — The set of primitive classes of A is : 

V :— {d'~^ I C primitive collection of A}. 

3.4. Monomial order and Groebner bcisis. 

3.4.a. Monomial order on the variables Xp. — We fix, once and for all, a monomial order -< 
on the variables Xp and a strictly concave piecewise-linear function ip of |A|, rational on A^'. 
Since A is quasi-projective, such a function exists. Denote by O = SpgA(i) ~v{'^p)^p the 
ample linear Q-divisor defined by ^p. 

Let x"- :— npeA(i) ^'p'' ("^ ^ N^^-^^) be a monomial in A[xp]. Put : 

peA(i) 

and define a monomial order -<;^ as follows : 

< uj{x"-') 

or 

uj{x°') — uj{x°'') and -< x"'. 

Let P G A[xp] be a polynomial. The leading term of P for will be denoted by Lt(P). 

If Lt(P) = ax"" with a E A and a E N^'^^\ then a is the leading coefficient of P, denoted 
by Lc(P) and x'^ is its leading monomial, denoted by Lm(P). Since A is not a field, this 
distinction between leading terms and leading monomials is necessary. 

Lemma 3.20. — Let d be in the Mori cone NE{Y)i, = x'^'" - Q'^x'^' , then Lt(Pd) = 
Lm(Pd) = x'^'^. 

Proof. — We have : Rd — x*^^ — Q'^x'^ , and : 

uj{x'^^)-u{x^') = J2 -d^p^{vp) - Yl -^p'Pi'^p) = Yl -^p'^K) = ^-^ > 0- 

peA(i) peA(i) peA(i) 

□ 

3.4-b. Groebner basis of the quantum Stanley-Reisner ideal. — 

Definition 3.21. — Let a be in H2{Y, Z) or in 7j^^^\ We say that a is supported by a cone 
if the set {p E A(l) \ ap ^ 0} is contained in a cone of A. 

We can now give a Groebner basis of QSR for the monomial order ^<^. Recall that the set 
of primitive classes is denoted by V (Notation 3.19). We have : 
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Theorem 3.22. — The set {Rd,d G V} is a Groebner basis with respect to the order 
of the quantum Stanley- Reisner ideal QSR defined in 3.11. Moreover, the set Lt(QSR) :— 
{Lt(P), P e QSR}, is : 

Lt(QSR) = {ax"' I a e A, a is not supported by a cone.}. 

Remark 3.23. — (1) Being a Groebner basis over the coefficient ring A -which is not 
a field-, means that the initial terms of the polynomials R^, d ^ V, generate the ideal 
(Lt(QSR)) in A[a;p]. Notice that all the Rd,d G V have a leading coefficient equals to 1, so 
that the Groebner basis property remains true at any point of Spec A. 

(2) The ideal QSR should be seen as a toric ideal over a ring. Toric ideals over a field, are 
studied in [Stu96] where a similar result to Theorem 3.22 is proved. 

First prove the following proposition : 

Proposition 3.24- — Let K be the fraction field of A. Let QSR' be the ideal of K[xp\ 
generated by {Rd,d £ NE{Y)x}, then : 

(i) QSR' = {Rd, deV) = {Rd, d e H^iY, Z)) in K[xp]. 

(ii) The set {Rd, d G V} is a Groebner basis o/QSR' in K[xp]. 

Proof — Put A := {Rd,d G V}, and apply the multivariate algorithm to A (see [Eis95], 
algorithm 15.7). Consider the set 

E := {Rd, d G H2{Y, Z) | any possible remainder of a 

multivariate division of Rd by A is not zero}. 

Let us prove that E is empty. Assume that it is not. Denote by G H2{Y, Z) a class such 
that Rd is in E, and is a minimal element of E for the order -<i^. Since Rd = x'^~^ — Q'^x'^ , 
two cases can occur : 

a) Lt{Rd)^x'^^. 

In this case d~^ is not supported by a cone. Because if d"*" is supported by a cone, then 
-d G NE(F)2; by Lemma 3.25.(2) and Lt(i?_d) = x^''^^^ = x'^~ by Lemma 3.20; this gives 
U{Rd) = QV~ which is a contradiction. 

Then there exists a primitive collection C contained in the support of d"*". Denote by c 
the class of C and put a = d+ - c+ G N^^^\ By Lemma 3.25.(3), we have : 

Since Lm{Rd) = x'^^ , x'^ x'^~^ and since Lm(i?c) = x'^'^ , ^"'^'^ x"'^'^^ = x'^'^ . It follows 
that 

Lm{Rd-c) Lm(Q^x""'°('^"'«+'^")i?d_e) 

= Lm(gV" - Q^x^'^"') G {x'^~,x''+^~} 
x'^^ = Lm{Rd). 

Since Lm[Rd) is minimal in E, the polynomial Rd-c is not in E, and we have 

Rd = x'^Rc + Q''x'^<''~'''+''~^Rd-c 

. We deduce that Rd is not in E which is a contradiction. 

h) U{Rd) =x'^~. 

Consider the polynomial R^d = x'^ —Q~'^x'^^. Then we have Lm(i?_rf) = Lm(i?d) = x^~'^''^ 
and R-d is not in E by a). Since Rd — —Q'^R-d, we deduce that Rd is not in E which is a 
contradiction. 

Thus, E is empty that is, for any d G H2{Y, Z) there exists a remainder of the division of 
Rd by A which is zero. We are now able to prove (i) and (ii) : 
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(i) By Lemma 3.17 any class of a primitive collection is in the Mori cone, and we have : 

(A) c QSR' C {Rd,de H2{Y,Z)). 

Moreover, for any d e H2{Y, Z) there exists a remainder of the division of by A which is 

zero, hence R^ is in the ideal {A) generated by A and (i?^, d G H2{Y, Z)) = (A) = QSR'. 

(ii) By (i) the set A = {Rd, d G V} generates QSR'. Let us apply the Buchberger's algorithm 
to A. Let Ci,C2 be two primitive collections of respective classes ci,C2 G NE(F)z. For 
i G {1, 2} we consider the monomial : 

^ LCM(Lm(i?,J,Lm(i?,J) ^ ^^^^4,4)^4 
Lm(i?eJ 

By lemma 3.25.(3) we have : 

™ai p rv.0'2 T3 ™min{ai+Cj^,a2+C2")^C2 p 

Jj J tci -"^02 ^ -'^Cl— C2* 

Since the remainder of the division of Rcj^-C2 by A is zero, the set A is a Groebner basis of 
QSR'. □ 



Proof of Theorem 3.22. — Either in or in A[a;p] we have : 

{U{Rd),deV) = {x'^^, deV) 

— (x", a G N^^^^ I a is not supported by a cone). 

Let P G QSR C A[xp]. As an element of the element P is in QSR'. By Proposition 

3.24, Lt(QSR') = {Lt{Rd),d G V) ; then Lt{P) = ax", a G X and a not supported by a 
cone. Since P is in A[a;p], a is in A and we are done. □ 

Lemma 3.25. — 1. Let d be in H2{Y,'Z), d 0, then either d'^ or d~ is not supported 
by a cone. 

2. Let d be in H2{Y,Z), if d~ is supported by a cone, then d G NE{Y)z. 

3. Let c,d be in H2{Y,Z), a,b be in N^^^\ Suppose that + a — d'^ + b, then in 
C[H2{Y,Z)][z][xp], we have : x^Rc - x^Rd = ^Q'^i^c-d 

Proof. — 1. We have : ^pgA(i) "^p "^p — SpeA(i) '^p "^p- Let cr"*" be the minimal cone of 
A(l) supporting o?"*", and a" be the minimal cone of A supporting d~ . 

Put V :— X]pgA(i) ^p'^p ~ X]peA(i) ^p'^p- Then v is in the interior of a'^ and (t~ . It 
follows that = a~ and, since A is non singular, rf"*" = d~ and d = 0. 

2. We have to show that, for any nef toric divisor T, we have T.d > 0. Let T be such a 
divisor and ip the piecewise linear concave function associated to T : 

T.d = Yl -^{^pK - E -^i^p)d-p 

p p 

= ^ -ip{vp)d'^ + ipCZl supported by a) 

p p 

- -^{^(^t'^p) + '^(^dpVp) = concave, and {^d^Vp = ^d^Vp)) 
p p p p 

3. Since a + — b + d'^, — c~ — c and d'^ — d~ — d, we have : 

min(a + c~ ,b + d~) — min(a + — c,b + d~) — min(6 + d'^ — c,b + d~) 

— min(6 + d~ + d — c,b + d~) = b + d~ + min((i — c, 0) 
^b + d~ - {c-dy. 



24 



Similarly, min(a + c ,b + d ) — a + c — {c — d) . Then we get : 

_ ^m.ui{a+c~ ,b+d~) Qd 

^^b+d~ —m.ui{a+c~ ,b+d~) qc— d^a+c"— min(a+c~,6+(i~)j 



X 



min(a+c ,b+d ) Q'^ (^^i'^-d-)* _ Q'^~'^x^'^~'^^ ) 



_ ^min(a+c ) ^ ^ 

□ 

3.5. Flatness, finiteness and degree of the Batyrev ring over the coefficient ring. 

— The aim of this section is to prove the following result : 

Theorem 3.26. — Let Ci, . . . ,Ck be globally generated line bundles on X such that {uix ® 
Ci ® ■ ■ ■ ® CkY is nef. Let B he the Batyrev ring of (X, £i, . . . , Ck) defined above. There 
exists a Zariski neighbourhood U C Spec A of the large radius limit such that the restricted 
scheme morphism : 

Spec{B)\jj^U 

is finite, flat, of degree dim H^*{X). 

Remark 3.27. — 1. Notice that the definition of B depends on the choice of the toric 
divisors Lj of each Differents choices of toric divisors give isomorphic rings. 

2. The open subset U will be defined in paragraph 3.5.d. We call it the freeness neigh- 
bourhood of A. It only depends on X, not on the vector bundle £ and can be explicitely 
computed by elimination algorithm. 

Recall that Y is the total space of S'^ , defined by the fan A, that NE{Y)x = NE{X)z and 
[Ky] G H^{Y) = [Kx + Li + . . . + Lk] E H'^{X) via the isomorphism defined in Proposition 

3.4. We will rephrase Theorem 3.26 and actually prove : 

If A is a smooth, quasi-projective, convex, fan defining a variety Y and if the anticanonical 
divisor —Ky is nef, then there exists a neighbourhood U C Spec A of the large radius 
limit such that the restricted scheme morphism : Spec(5)|j7 — > U is finite, flat, of degree 
dim H'^*{Y). 

First consider the fiber of B over the large radius limit. 

3. 5. a. Large radius limit. — Using Notations 3.34, Spec A — V. Let be the "large radius 
hmit" point. It is defined by the maximal ideal tn = {Q'^,d E NE(Y)x,d ^ 0) in A. The 
fiber of Spec B over this point is well known : 

Notation 3.28. — Put : 

(3.29) SR = Ix'^'^ , d e NE(y)z) = (x", a e N^^^^ not supported by a cone.) 



(3.30) Lin = / ^ {u, Vp)xp, ue M'\ 

\pGA(l) / 



^PGA(l) 

The ideal SR is the Stanley- Reisner ideal of A (see [BH93] for example). 

Proposition 3.31. — Let Ci, . . . ,Ck be globally generated line bundles. The image o/QSR 
(resp. Lin) in A/m is SR (resp. Lin) ; there is a well defined isomorphism : 

B/mB = C[a;p]/(SR + Lin) ^ H^*{Y,C) = H^*{X,C) 
Xp ^ [Dp] 

where [Dp] e H^{Y) is the class of the toric divisor Dp. 
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Proof. — Since A is convex and quasi-projective, the proof of [Ful93] in the complete case 
can be adapted to our case ; then there is a well defined isomorphism : 

Z[a;p]/(SR + Lin) ^ H'^*{Y,Z) 
Xp ^ [Dp], 

which proves the proposition. □ 

Notice that the fiber at m does not depend on the vector bundle E. 
3.5.b. Flatness of A ^ A[xp\/ QSR.— 

Lemma 3.32. — The morphismA — > A[xp\/ QSR is aflat morphism of relative dimension 
n' — dimy ; A and A[xp\/ QSR both are Cohen-Macaulay rings. 

Proof. — Flatness. For P in A[,Xp], denote by P its image in A[a;p]/ QSR. Let A be the set 
of monomials of A[Xf\ not contained in Lm(QSR). By Theorem 3.22, A = {x"" G N^^^^ \ 
a is supported by a cone}. As in [Eis95] (theorem 15.17) we prove that A[xp]/ QSR is a free 
A-module with basis 'A = (P, P e A} : 

Let x"''^, . . . , x"' be in A and ai, . . . , a/ be in A. If aiX"-^ = 0, then Yli O-iX"'^ G QSR and 
Lm(^^aja;"*) G Lm(QSR). Since all the a'^s are supported by a cone, we get ctj = for any 
i = 1, . . . , /, and A is free over A. 

Suppose now that A does not generate A[xp]/ QSR as a A-module. Let be the smallest 
monomial for such that ^ A.A. The m'-tuple a is not supported by a cone, and there 
exists a class c? of a primitive collection, and h G N^*^^^ such that x'^ = x^Rd + Q'^x''^'^ . We 
deduce that = Q'^x''^^' . By assumption, and since x'^'^'^ x"-, the class belongs 
to A.A, hence we conclude that x"- is in A.A which is a contradiction. 
Fiber over the large radius limit is Cohen-Macaulay of dimension n' . 

Let m be the ideal of the point in V, as in Paragraph 3. 5. a. The image of QSR in 
A[a;p]/m is the Stanley-Reisner ring SR (see Notation 3.29). By [BH93], Theorem 5.1.4, and 
Corollary 5.4.6, C[a;p]/ SR is a Cohen-Macaulay ring of dimension n' . 
Fibers over Spec A are Cohen-Macaulay of dimension n' . 

Let n be any maximal ideal of A, and denote by QSR the image of QSR in (A/n)[a;p] = 
C[xp]. By Theorem 3.22, the set {Rd,d G T'} is a Groebner basis of QSR. The initial ideal 
of QSR is (,x", a G N"^*^^-', not supported by a cone) ; this is the ideal SR studied above. 

By [Eis95], there exists a flat morphism of algebras C[t] — > C whose fiber C ® C[t]/(t) 
over is Cfxp]/ SR and whose fiber Cp = C ® C[t]/p over any other point p of SpecC[t] is 
isomorphic to C[a;p]/QSR. 

The set of p G SpecC[t] such that the fiber of Spcc(C) — > SpecC[t] over p is Cohen- 
Macaulay is open ([Gro66], corollary 12.1.7). It is not empty since it contains hence it 
contains a point p 7^ of C. It follows that C[a;p]/QSR is Cohen-Macaulay. Moreover, by 
flatness of C[t] — y C, dimC[a;p]/QSR = dimcjxp]/ SR = n' . 

As a conclusion, A — )■ A[x^/ QSR is flat, of relative dimension n' , and its fibers all are 
Cohen-Macaulay. Since Spec A is a toric affine variety, it is also Cohen-Macaulay. It follows 
that A[xp]/ QSR is Cohen-Macaulay ([BH93], Theorem 2.1.7). □ 

We now come to the study of the Batyrev ring B = A[a;p]/(QSR + Lin). By definition, 
Spec(S) is a subscheme of SpecAfxp] and there is a natural projection : 

Spec(i?) — )■ Spec A. 
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3.5.C. Homogenization of A[xp]. 

Put m' = CardA(l), consider a new variable h and denote by P™ the projective scheme 
Proj A[xp, h], with the grading given by dcg{h) = 1 and deg{xp) = 1. Also denote by H the 
hyperplane at infinity defined by /i = 0, and by A™' the affine subspace Spec A[xp] = F^' \H. 

The homogenization of a polynomial P e A[xp\ is : 

p^= /i<i^g^p (^^) eA[xp,h]. 

The linear polynomials Zy, {u E M') being homogeneous, we have — Z^. As for the 
homogenization of i?^, notice that for any d e H2{Y^'£)^ we have deg(x''^) — deg(x'' ) = 
Y.^Dp.d = -KY.d. We get: 

Remark 3.33. — If -Ky is nef, then for any d in NE(y)z, 

Let r be the closed subscheme of P^' defined by the homogeneous polynomials for 
d e NE(F)z. Let X be the closed subscheme of F C P™' defined by the polynomials R^ for 
d e NE(y)z and Z„ for ueM'.We have : 

X C r and Spec B = Xf^K'- 

The closed subscheme X l~l -^^ is defined in Proj A[xp] by the homogeneous polynomials: R'^ 
and Zu where : 

VdeNE(y)2 =R%=oeA[xp] 
e M' ^„ = Ep6A(i) ""p) 

Let TT be the natural morphism : 

TT : p:j^' ^ V 

The image 7r(x fl i?) is a closed subset of V. 

Notation 3.34. — The closed subset of V 

C7:=V\7r(xn//) 

is called the freeness neighborhoods of the large radius hmit. Its intersection U :— U flT with 
the torus is also called freeness neighbourhood. This terminology is justified by Theorem 
3.26 and Proposition 3.40. 

Remark 3.35. — 1. Using primitive collections and elimination algorithms, we can give 
an explicit description of the algebraic open subset U. Let (ci, . . . ,e„/) be a basis of 
A^' as in Remark 3.13. The closed subscheme X ^ ^ defined by the finite set of 
polynomials : Zi = ^pgA(i) (^i ' '^p) ^^^^ ^ the set V of primitive classes. 

The ideal in A of the closed subset 7r{x H H) can be obtained by ehmination of the 
variables Xp. 

2. The homogenization of an ideal / of A[h,Xp] is : = (^P^,P G /) . Recall that, if 
I is generated by Pi, . . . ,Pi, we do not have in general : = (P/*, . . . , Pl^)- In our 
situation, if x' is the closed subscheme of P™' defined by the homogenized ideal G'^, we 
only get x' C X- 

Lemma 3.36. — The large radius limit is in U. 
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Proof. — Using notations above, let G V be the large radius limit, and Xo be the fiber of 
X — > V over it. The intersection Xo^^ defined by the homogeneous ideal : (/i)+SR + Lin 
in . And we have : 

C[a;p,/i]/((/i) + SR + Lin) ^ C[a;p]/(SR + Lin), 

this last ring being isomorphic to H'^*{Y.C) by Proposition 3.31. It follows that the zero 
locus in C™ of the ideal SR + Lin C C[xp] is defined hj Xp = for any p G A(l). Then, the 
reduced ideal of (h) + SR+ Lin is the irrelevant ideal of the graded ring C[h, Xp] and Xo^H 
is empty. □ 

Remark 3.37. — (Fano subvariety) If —Ky is ample, that is, in our case, if the complete 
intersection subvariety defined by a generic section of 8 is Fano, then the freeness neighbor- 
hood U is equal to the whole set V. Actually, since —Ky-d > for any d e NE(y)z, the 
projectivized polynomials i?^ are equals to {x'^^,d e NE(y)z). Each fiber of X — ^ ^ is 
isomorphic to Xo ^ — ^■ 

3.5.d. Proof of Theorem 3.26. — Consider the following diagram : 



rel. dim. n' 
:dimX + rk£: 



where is the restriction of F = Proj A[/i, Xp]/ (i?^) to U . By Lemma 3.32. A^' flF^ — > 
[/ is a fiat morphism of relative dimension n' between Cohen-Macaulay schemes. 

Above U and X contained in the affine part of F (away from the hyperplane H) and 
has relative dimension zero since the fibers do not meet the hyperplane H. Thus, Xu ~^ U 
is a finite and proper morphism. 

Let (ci, . . . , e„/) be a basis of A^'. We use of notations of Remark 3.13. Let p be a point of 
U and denote by Zi the image of Zi in the quotient of A[xp] by the maximal ideal defining 
p. In the Cohen-Macaulay fiber A™' fl Fp over p, the scheme Xp codimension n' and 
is defined by a sequence of length n' (namely {Zi, . . . , Zn')). By [BH93], theorem 2.1.2, 
{Zi, . . . , Zn') is a regular sequence. 

By the corollary to the theorem 22.5 of [Mat86], since A^^' n F^ ^ U is flat, and 
(Zi, . . . , Zn') are regular sequences over any point of U, then Xlj — ^ U is fiat. 

The degree of this finite morphism can be computed as the length of the fiber Xo over the 
large radius limit. By proposition 3.31 it is equal to dim H^*(Y). □ 

Remark 3.38. — If F is Fano, one can also proof by induction on the degree that B is 
a free A-module. A basis of B is given by a free subset of the set of monomials {a;", a e 
, a is supported by a cone, Op G {0, 1}} which generates B. 

3.6. Flatness, finiteness and degree of the residual Batyrev ring over U. — As 

we have H'^{X) ~ H'^{Y) and, via this isomorphism, we have : [Li] — [— -DpJ for pi e A\i) 
{cf. Proposition 3.4). 
We put : 

c, ■.= [L,] = [-Dp^]eH\x), ctop(£:) ■.= UliC^eH^'{X) 

Xi := Xp. which is a variable in A [xp], Xtop {~^)''Y[i=i^i ^ M^p\ 

We also define the quotient ideal : 

{G : Xtop) := {P e A[xp],Xtop.P G QSR+ Lin = G}. 
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Finally recall that we denoted by mcj„p : H^*{Y) — > H'^*{Y) the morphism of multiplication 
by ctop(^). 

Definition 3.39. — The residual Batyrev ring of (E, Li, . . . , Lk) with respect to £ is the 
A-algebra : 

5^- = A[xp]/(G:xtop). 

Proposition 3.4O. — Let Ci, . . . ,Ck be ample line bundle on X such that {ux /^i (S) ■ ■ ■ ® 
CkY is nef. Denote byU <Z \ the freeness neighborhood defined in 3.34- Then the restricted 
morphism Spcc(i?^°'^)|^ — > U is finite, flat of degree dimicH'^*{X) — dimkermcj^p. 

Proof. — Denote by Xtop the image of Xtop in B = A[xp]/ (QSR + Lin), and by rrict^^ : B — > 
B the morphism of multiplication by aftop in B. This multiplication induces an isomorphism : 

5^*^^ = A[xp]/{G : Xtop) ^ XtopB = lm{m,,J. 

(well defined and injective by definition of the quotient ideal {G : Xtop))- Moreover, there is 
an exact sequence : 

(3.41) XtopB ^ 5 — > B/xtopB — > 

By definition B/xtopB is isomorphic to A[a;p]/(QSR + Lin +(a;top))- 

Let c? be a class of NE(F)z. For any p — p^. e A(i), since [—-Dp] = [Li\ is ample, 
dp — Dp.d < and we have : 

Rd X Q x^QpX , 

v.b. 

where e = (ep)peA(i), Cp = 1 if p G A(i), ep = otherwise. 

As a consequence, in A[a;p]/(QSR + Lin + (xtop)), Rd = x'^'^ and we can write : 

A[xp]/(QSR+Lin+(xtop)) ^ A[xp]/{{x''\d e NE(r)z) + {Z^,ue M') + (xtop)) 

^ A® (c[z][xp]/{{x''\de NE(F)z) + {Z^,u G M') + (xtop)) 



Using Proposition 3.31, we get : 

C[z][xp]/{{x''\de NE(y)z) + {Z^,ue W) + {x,,p)) H^*{X,C)/ (ntiCi(A)> . 
We get 

A[xp]/(QSR + Lin + (xtop)) ^ A® (i/2*(x,C)/(ctop(^))). 
Thus, B/ XtopB is a fiat A-module. Its rank can be computed, and is equal to : 



dimcH'*(Y) / ctop(S)H'*(Y) = dimH'*(Y) - dimclmme,^^ = dimcker 



m. 



Ctop ' 



Restricting the exact sequence (3.41) to U, and using the isomorphism B^ XtopB we 
get : {B^'^)\jj is a fiat module of rank {dim H^*{Y) — dimkermc^^p) over U. □ 



4. GKZ systems, quotient ideals and residual "D-modules 

GKZ systems were defined and studied by Gelfand-Kapranov-Zelevinskii in the end of the 
eighties (c/. [GGZST], [GZK88], [GZK89] and [GKZ90]). Nevertheless, our approach is 
closer to the one of [Giv95], [GivQS], [CK99, §5.5.3 and §11.2] or [Iri09]. 

Here we define the GKZ ideal and the quotient GKZ ideal associated to {X,S). This 
gives us two differential modules, which will be compared (in Section 5) to the twisted and 
reduced Quantum D-modules of Section 2. 

Consider, as above, the toric variety X endowed with the k toric divisors Li, . . . , such 
that £i = 0{Li). 
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Notation — Let d be a class of H2{X,Z). We put 

ye e E(l), do Do.d ^LDe^ j^[De] 
Vi e {1, . . . , A;} dLi := U.d ^ J^Li^ ci(A) 

Also recall that, for any real number a, we put a'^ — max(a, 0),a~ — max(— a, 0) so that : 
a — a'^ — . 

Consider the non-commutative ring : 

B:=C[qf\...,q^\z]{z5,„...,zSg^,zS,). 
For simplicity, we will write D = C[g^, z]{z6q, z6z)- 

Notation 4-2. — (Quantization) Recall that Ti, . . . .T^ is a fixed basis of H'^[X). To any 
class r = ^a=i^a^a ^ H'^{X) we associate the operator 

r 
a=l 

In the same way, if £ is a line bundle or a divisor we write C :— Ci(£). Finally put : 

k 



i=l 



Definition 4-3. — (GKZ-ideal, and quotient ideal with respect to Stop) 

1. The GKZ-ideal G associated to (E, jCi, . . . , jC^) is the left ideal generated by the oper- 
ators Drf, d e H2{X, Z), and € : 

□.-rin(A+-) n n (^^--)- 

i=i iy=i ees(i) 1^=0 

k < d--i 

^'nn(^^+^^) n n(^^-^^) id^H2{x,z)) 

i=l v=l 6'eS(l) v=Q 

i := z5, + ci{%^£'') 

f T 

where wc use Notation 4.1 and = YYa=i " ~ 111=1 it" = Y^a=i daBa)- 

2. The quotient ideal Quot(ctop, G) of G with respect to Ctop, is the left ideal of D generated 
by: 

{P e D I ctopP G G}. 

Notice that, unlike the commutative case, the set {P G D | CtopP G G} is not an ideal, 
but only a C[2;]-module*^'^^. However, it contains the ideal G and should be seen as a bigger 
system of equations. 

Definition 4 ■4- — (GKZ-module, and residual module with respect to Ctop) 
1. The GKZ module associated to (E, jCi, . . . , Ck) is the left quotient D-module 

M := D/G. 



For a simple example, consider the Weyl algebra C[q] {5q}, the left ideal I = (Sq) and c = Sq. Then 1 
satisfies c.l S I, hence Quot(c, I) = C[q] {6q) and q € Quot(c, I). However, c.q = 6qq = q6q + q is not in I (it 
would imply that q is in I, which is impossible for degree reasons). 
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2. The residual GKZ-module M''^^ is the left quotient D-module 

M"^^^ := B/Quot(ct„p,G) 

In the following, we denote by V the sheaf of OxxC-algebras associated to the ring D over 
T X C. Denote by M (resp. M^) the sheaf of OTxC-modules associated to M (resp. M^^^). 

These P-modules may not be coherent over the whole set T x C. However, considering 
the freeness neighborhood U defined in Notation 3.34, we have : 

Theorem 4-5. — Let Ci, . . . , he globally generated line bundles such that {lox ® Ci® 
■ ■ ■ ® CkY is a nef line bundle. The restricted sheaves M.\uxC o-i^d •M.'^'^^\uxC o-f^ coherent 

Oux€-^odules. 

Proof. — If is coherent then M^^^ is also coherent : the surjective morphism M. JKA^^^ 
implies that }A^^^ is finitely generated. 

Recall from Definition 4.4 that M = D/G. This module M is isomorphic, as a C[g^,z]- 
module, to 

(4.6) M' := D'/G' 

where D' := £.[q^ ., z\{z8q) and G' = (D^, d G H2{X,Z)) : the Euler operator (E of the ideal 
G enables us to remove z5z in the quotient. 

Hence, we are led to show that the sheaf Ai' associated to M' and restricted to f/ x C 
is C[g^, 2;]-coherent. For a classical differential modules, one could find a good filtration 
and show that the characteristic variety is supported by the zero section of the cotangent 
bundle (c/. [RSIO, §3] and [Sab05, Proposition 1.2.8]). Since M' is a D'-module (and 
not a C[q^, 92)-module), we will rewrite the classical proof (c/. for instance [HTT08, 
Proposition 2.2.5J) in our case. 

Let us define the following increasing filtration of D' : 

FkB' := |p e D' I P{q,z,z5g) = ^ P^{q,z){z5gA 

\a\<k 

where {z5qY '■= (-^^gj"^ ■ ■ ■ (-^^gr)"''- O^i® can easily check that this filtration satisfies the 
following properties 

(a) FfeD' = for A; < 0, 

(b) yJkmm' = D', 

(c) for any kjin N, we have (F^D') ■ (F^D') = F^+^D', 

(d) for any k in N, F^B' is a free C[q^, 2;]-module, 

(e) for any P in F^D' and for any Q in F^D', [P, Q] is in Fk+e-iTS>'. 

Let gr D' be the graduated ring of D' defined by the filtration F. Property (e) proves that 
grD' is commutative. For a in {1, ... . r}, denote by ija the class of zSq^ in grD', then grD' 
is isomorphic to C[q^, z] [yi, . . . ,yr]. Let P{q, z, z6q) := '^^ew ^aiQ, ^)(^^g)" D', then its 
class in grD', denoted by cr(P), is 

a{P)= J2 Po.{q.z)y- 

|a|=degP 

where := |/"^ ■ ■ ■ |/°''. 

We deduce an increasing filtration on M' defined by 

F,M' := F,D7G', 

where G'^, := F^D' n G'. We have : 
1. FfcM' = for A; < 0, 
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2. UfceNi^fcM' = M', 

3. for any k in N, F^M! is a coherent C[g^, 2;]-module as it is a finitely generated module 
over the Noetherian ring C [q^ , z] , 

4. for any k,i in N, we have (FfcD') ■ {FM') = Fk+e^'. 

For classical differential module, the last two properties mean that the filtration (FfcM)fcgis} 
is good. Since we have 

(4.7) grM' = grD7grG', 

we deduce that the annihilator AnngrD' grM' is gr G'. 

In order to use Lemma 4.8, we sheafify everything. We will denote by calligraphic letters 
for the sheaves associated to the C[g^, -modules and restricted to C/ x C. Consider the 
ideal sheaf X := {yi, . . . ,yr) in gr D'. 

By Lemma 4.8, there exists'-^^ uiq in N such that X™" is a subsheaf of grG'. Let P be 
a section of F^M' for k < mo- By property (4), for a in N'' such that \a\ — mo, we have 
{zSq)^ is in Ffc+„„M'. But we have a{{zdy)°') = G X™" C grC This implies that the 
class of {z6q)°'P in grM' is zero. We deduce that {zSq)"P in Fk+mo-i^'- The property (4) 
implies that for any /c in N we have 

= (F^„D') • FkM' 



mo+k'- 



( 



\ 



( 



\\a\=mo 



.FkM' + 



\ 



J2 ^uxcizSqr 



\\a\<mo 



■Fkl 



dFf 



k+mo- 



We deduce that the increasing filtration F^M' is stationary after ruQ. Property (2) implies 
that F^qM' = M' and Property (3) implies the theorem. □ 

The following Lemma is used in Theorem 4.5. We use the notations defined along the 
proof of this theorem : gr D' = C-[qf, . . . ,q^,z][yi, . . . ,yr] and a is the symbol. Recall that 
the characteristic variety of M is the algebraic variety C in SpecgrD' defined by the ideal : 
-^AnngrB' grM'. There is a natural morphism : Spec gr D' — > T x C, where T = Spec C[g^] , 
and we get a cartesian diagram : 

C\uxc ^ C G SpecgrD' 
U xC 



c 

i 

T X C 



Lemma — Assume that {oux <8) >Ci (8) • • • (g) CkY is a nef line bundle. Let U he the open 
subset ofT defined in Notation 3.34- The characteristic variety C|;7xc is the zero section of 
grD'|[/xc U X C defined by the ideal {yi, . . . ,yr) . 

Proof. — In order to connect the definitions of U and grD', we consider the ring 
C[q^, z][xp, p e A(l)]. There is a natural surjective morphism of C[g^, -algebra : 

a :C[g±,^][xp,pe A(l)] ^grD' = C[g±,^][yi, 



,yr 



X n 



E:=iD;y^ ifpeAw 



Where the D"^ are numbers defined by : [Dp] = Xla=i D'^Ta in H'^{Y, Z). Note that since, in 
□d, the sign in front of T>p in is not the same for rays coming from the bases or from the line 



("^^For example take mo := mi H -|- m^ where yj"' € gr G'. 
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v.b. 

bundles Ci, the definition of a{xp) admit two cases. Actually, c\{Ci) — —[Dp^] for pi e A(i) 
which create this additional sign. We refer the reader to [CK99] and to the Erratum to 
Proposition 5.5.4 for definitions of with conventional signs). 

The kernel of this morphism is the linear ideal Lin generated by the Z^, m G M' : Z„ = 
SpeA(i)(^' ^p)^p where Vp is the generating vector of p fl A^'. We get an isomorphism : 

a : C[q^,z\[xp,pe A(l)]/Lin — > C[q^ ,z\[yi, . . . ,yr\. 

The characteristic variety is contained in the closed subset K[ of Spec gr D' defined by the 
ideal 

Ji = {aiUa), d e H2{X, Z)) C C[q^, z][yi, . . . , y,]. 
Let d be in H2{X, Z). We check that a{\I\d) — a{R'^) where is the polynomial : 

;.oo / if Ep.A(l) d, < 

' ■ \x'^- qV- if EpeA(i) d, = 0. 
Which lead us to consider the ideal : 

J2^{RT,deH2{X,Z) ; Z^,ueM')GC[q^,z][xp,peA{l)], 

Considering C[q^, z] [xp, p e A(l)] and C[q^, z][yi, . . . , yr] as graded C[q^, 2;]-algebras (with 
deg(xp) = 1 and deg(|/a) = 1), The morphism a defined above is a graded morphism. Ideals 
Ji and J2 both are homogeneous ideals, and a{J2) = Ji- 

Let Ki {resp. K2) be the closed subscheme of the projective scheme Proj C[g^, z][yi, . . . , y^] 
{resp. Proj C[g^, 2;][a;p, p G A(l)]) defined by Ji (resp. J2). Also put : 

TTi : Proj C[g±, [yi, . . . , y^] Spec C[g±, = T x C 
712 : ProjC[g^,^][xp,p G A(l)] — > SpecC[g^,^] = T x C 

the natural projections. 

By Definition of U (Notation 3.34), and using Remark 3.35, we find : (T x C) \7r2(A'2) — 
U X C Since the isomorphism a satisfies a{J2) = Ji, we have 

(4.9) (T X C) \ 711(^-1) = t/ X C. 

Consider now the affine space Spec C[g^, . . . , y^.] (before projectivization) and the 
closed sub variety K[ defined by Ji. By definition, the characteristic variety C is the reduced 
scheme of K[. 

The ideal Ji is contained in (7/1, ... , yr) (this can be checked by considering the polynomials 
R'^ and the relation a{R'^) — a{nd)). It follows that the zero section of the morphism : 

n'l : Spec C[g^, z] [yi, . . . ,yr] — > Spec C[g^, z] ~ T x C 

is contained in the support K[. 

On the other hand, the relation (4.9) implies that 7r^^{U) Ci Ki ~ which means that 
the support of 7r'^^(C/ x C) f] K[ is contained in the zero section of 7r[. Indeed, the ideal 
(yi, . . . , yr) is the irrelevant ideal of the graded ring C[g^, . . . , y,]. 

This shows that the support of 7r']^^([/ x C) fl K[, i.e., the characteristic variety C of G 
restricted to U x C, is equal to the zero section of ti'i\u- CH 

Theorem 4-10. — Let £1, . . . , >Cj. be globally generated line bundles such that {ux ® /^i ® 
• ■ ■ C^y is nef. Let U be the open subset of T defined in Notation 3.34- The V-module 
A4|[/xc is locally free of rank dim.H'^*{X). 
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Proof. — The following proof is similar to the proof of Theorem 2.14 of [RSIO]. Modifica- 
tions as to be made in order to take care of the twisted fan and the g's variables. 

Theorem 4.5 implies that M.\uxc is a coherent 0[/xc-niodules. By standard arguments 
(see for instance Theorem 1.4.10 of [HTT08]), for z 7^ this imphes that Ai\uxC* is locally 
free. It is enough to prove that M./zM. is locally free of rank dimH'^*{X) and that the 
locally free sheaf Ai \uxc* is of the same rank. 
Step 1. Show that M/zM is locally free of rank H'^*{X). 

Let B be the Batyrev ring A[xp\/ (QSR + Lin). Localizing the ring A by inverting Q'^, d e 
NE(X)z, we obtain the ring C[q^] = C[qf, ...,q^]. Using Notation 3.2, there IS an isomor- 
phism of C[g'='=] -algebra : 

(4.11) 

M/zM^B'/{{z) +G') 
|ELi D'^.zS,^ if p e At)^ {pe, 9 e E(l)} 

I Ea=l LfzSg^ if p = PL, e ATi") = {pLi , ■ ■ ■ , PL J 

(where[Lj] = Yla-^i'^o,)- Theorem 3.26, the Batyrev ring B is locally free of rank 
dimH'^*{X) over the neighbourhood U. Hence M/zM is locally free of rank dimiJ^*(X) 
over the open subset U — U fl T. 

Step 2. We use the notation of the beginning of the proof of Theorem 4.5. On 2; 7^ 0, we 
show that the locally free sheaf M. \uxc* is of rank H'^*{X). To prove this, we will use 2 
substeps. 

2.1 Show that the module M := D/G ~ M' := D'/G' (see (4.6)) is isomorphic to a classical 
GKZ-system of Adolphson (see [Ado94]). Notice that most of this step is done for any 
z eC (included z = 0). 

2.2 We compute that the rank is dimH'^*{X) at one point using corollary 5.11 of [Ado94]. 

Step 2.1 We first write the GKZ system M' := D'/G' in a more classical way in view of 
Adolphson's result ([Ado94]). 

Let {Xp, p G A(l)} be a set of indeterminates. Consider the following non commutative 
rings : 

- Ai := ClX"^, z]{zdx) = C[Ap, A~^,p G A{1), z]{zd\p, p e A(l)). where the relations are : 
zdx^.Xp = Xp.zdxp + z and all the other variables are commuting ; 

- A2 := C[q^,z\{z5x) = C[qa,qa'^,a G {1, . . . ,r}, z]{z5xp, p G A(l)). where the rela- 
tions are : z6xp-qa = Qa-zSxp + D^zqa where the D'^ are numbers defined by : [Dp] ~ 
ELi^P^ain H\Y,Z) . 

In view of [CKQQl and its Erratum to proposition 5.5.4, we put in Ai : £ := Ff vb A^. 

peA(i) 

There exists two morphisms of noncommutative C[2;]-algebras, / and g defined by : 



S(8)C[g±] =C[g±,Xp]/(QSR + Lin) 



Xp 



[Xp.zdx^ + z ifpGA(i) 

qa^i-ir^^'^-^^x'- n n (-^p)''^ 



and 



base v.b. 

peA(i) pe/Xi) 
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z5 



g : A2 — >!])' 

^ „ base 

Dp--=E:=iD^P^S,^, ifpG A(i) 

and g{qa) = Qa- The minus sign comes because the fan A is the one of the dual bundle (see 
Proposition 3.3). The morphism / is injective. The morphism g is surjective and its kernel 
is the left ideal generated by the following set : 



i Z„ = J] {vp, u)z6xp,u G M' I C A2. 



P6A(1) 

The GKZ ideal can be defined in Ai and A2 : 

In Ai, set D'i := {zdxY^ - {zd^)"- for any d G H2{X,Z) and := j:p{u,Vp)\pzdxp - 
{u, f3)z for any u G M', where (3 is the constant vector (Ojv, -1, ■ ■ ■ , -1) e N xZ'^. The GKZ 
ideal is 

<^^i = d G H2{X, Z),ueM')G Ai. 

In A2 set : 

(4.12) ^'d = w n (^'^A. - n w-^K + 

base 1^=0 v.b. V=l 

peA(i) peA(i) 



base i^=0 v.b. V=l 

peA(i) pGA(i) 



and Zu := Ep(w. ^p)'2^Ap- The GKZ ideal in A2 is G2 := {U'^,Z^,de H2{X,Z),u G M') . 

^ v.b. 

As g{zdx^.) = —Li for any G A(i), we have : 

m) = n n (-^z')'^ • = 



base v.b. 



which gives /(G2) = Gi and g'(G2) = G'. Passing to the quotient, the morphism g gives an 
isomorphism : 

A2/G2 ^ B'/G' = M 
Moreover, viewing C[A^, as a C[g^, zj-algebra via the injective morphism 
(4.13) ip : C[q^] ^ C[A±] 

Qa ^ (_l)ci(£)-Bay 

we get an isomorphism : 

A2 «)C[g±,^] C[A^, z] Ai 
which sends z5p to Xp.zdg. This gives an isomorphism : 

A2/G2 ®c[,±,.] C[A±, ^] ^ Ai/Gi. 

In the following, we will write "the module is locally free over an open" meaning "the sheaf 
associated to the module is locally free". As (p is injective, we have A2/G2 ~ W/G' is 
locally free at a point n of SpecC[g^, z] if and only Ai/Gi is locally free at any point n' of 
Spec C[A^, z] contained in the fiber of the surjective morphism Spec C[A^, z] Spec C[g^, z] . 
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Now we localize this C[g^, -module above 2; 7^ 0. By Theorem 4.5, the module 
' ®C[5±,z] z^] is locally free over x C*. By the above isomorphisms, the module 

^i®c[A±z]C[A±,-2^] is also locally free over {{ip*)-^(U))xC* where : (C*)^« ^ (C*)'^ 
is the scheme morphism associated to ip (see (4.13)). On the other hand, we have the iso- 
morphism : 

Ai ®c[A±,.] C[A±, z^] ^ C[A±, z^] {dx) 
Xp I — > zXp 

z I — > z 

which sends = {zdxY^ - {zdxY' to D';^ := df -df and Z'^ to z.{j:^{u,Vp)Xpdx^-{u, ^)). 
Put Z^l := '^p{u,Vp)Xpd\^ — the module Ai/Gi ®c[a±,2] C[A='',2;^] is isomorphic, as a 

C[A±] ®c C[z±]-module to 

C[X^m/{a-,z:) ®cC[z^]. 
We deduce that C[X^]{dx)/ {D'^' , Z'^) is locally free over {^*)-\U). 

Step 2.2 Let us compute the rank of the locally free module C[X'^]{dx) / {^'^,2'^) over 
{(p*y^{U) using Corollary 5.11 of [Ado94]. In view of the local freeness, we just need to 
compute the rank at one point. 

Adolphson associates a Laurent polynomial to the module C[X'^]{dx)/ (□'j',^^'), denoted 
by fx- We do not need to give the precise expression of fx for the following. Corollary 5.11 
of [Ado94] tells us that over the following set 

{(Xp) e (C*)^(^) I fx is non degenerated} 

the rank is (n-|- A;)!Vol(rA) where Fa is the convex hull in of the points {0, Vp, p e A(l)}. 
This set is a nonempty Zariski open subset of (C*)'^*^^\ By density, this Zariski open intersects 
the Zariski open subset ((/9*)~^(?7) so that the rank is equal to (n + A;)!Vol(rA)- 

Denote by Fs the convex hull in iV]R of the points {0,Vp,p e S(l)}. Show that (n -|- 
A;)!Vo1(Fa) = n!Vol(Fs) = dimH^*{X). When all the are nef, the fan A is convex, and 
is a vertex of this convex hull. As the divisor —Kx — Yli=i is nef, then the vectors 
(vi, . . . ,Vk) & N X defined by the toric divisors Lj all are either vertices or contained in 
faces of Fa which do not contain 0. Hence, Fa is a disjoint union of the simplexes Fa(t) : = 
{vi, . . . ,Vk,Vpg,9 E t) where r is any simplex defined by generating vectors of the rays in E 
(we use the notations of Section 3.1). The volume of a simplex Fa(t) can be computed by a 
determinant on these vectors which simplifies into the volume of Fs(r) := [vp^, 6 E r). Since 
the union of these simplexes is F^, we have [n + /i;)!Vol(FA) = n!Vol(Fs) which is exactly 
dimH^*{X). □ 

Theorem 4- 14- — Let Ci, . . . , Ck be ample line bundles such that {cux (8) >Ci • • • (8) CkY is 
nef. Let U be the open subset ofT defined in Notation 3.34- 



1. On z = 0, the Ojj-module [M.^"^ / zM.'^''^)\u is locally free of rank dimc-ff^*(A) 
dime H"^* {X) - dime ker (mc,„J . 



2. On z ^Q, the OuxC*-fnodule |[/xc* is locally free of rank less than dime H'^*(X). 

Remark 4-15. — Using Mirror symmetry, we will also prove that M.'^^ \uxc is locally free 
of rank dime i?^* (-'^ ) . We refer to Remark 5.11 for a precise explanation. 

Proof of Theorem 4-H- — On 2; 7^ 0, M'^^^\uxC* is locally free. By Nakayama's lemma, it is 
enough to prove the first statement. 

Consider the residual Batyrev ring B^*^^ = A[xp]/{G : Xtop) defined in Subsection 3.6. This 
is a A-algebras. Denote by B'^^^ the associated sheaf of rings on V = Spec A. When restricted 
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to the neighbourhood U of the large radius hmit, B'^^'^ is locally free of rank dime H'^*{X) by 
Proposition 3.40. Then, Lemma 4.16 below shows that the sheaf Ai'^'^^ / zAi'^'^^ is a sheaf of 
commutative rings defined over U which is isomorphic to the B'^'^^lu- □ 

In the following, we use notations of the proof of Theorem 4.10. The set V of primitive 
classes is defined in Notation 3.19. Let § := (D'^, d eV) be the "square" ideal in A2 : = 
C[q^,z]{zSx). Put cA := J] ^.b.zSx^ G A2. Do not confuse it with Ctop := Yli=i^i e D' 

written in terms of zdq^s operators. Recall that 

QSR := {Rd := x'^^ - gV", d e NE(r)z) 

We put : 

Quot(c4,§) :=(PGA2,c4Pe§> 

(QSR : xtop) {P G C[q^][x,], P.x,,^ G QSR} 

We introduced Xtop H ^ ^ ™ beginning of Subsection 3.6. Notice that (QSR : Xtop) 

peA(i) 

is the usual quotient ideal of commutative algebra. The set {P G C[g^][xp], Xtop-P G QSR} 
is an ideal. However, in the non commutative ring A2, the set {-P G A2, c^^pP G S} is not an 
ideal anymore (c/. footnote 3). 

Lemma 4-i6. — 1. There exists an isomorphism of commutative Clq"^]- algebras : 
h : A2/(Quot(c4,G2) + (z)) C[q^][x,]/{QSR : Xtop) 

zi — >0 



z5\ 



Xp ifpeA{i) 

-Xp if A"(i) 



2. We pass to the quotient by linear ideals i.e., 

— on the left side, we quotient by (Z^ :— $^peA(i)('^' '^p)^^p-i foT u G M', ) 

— on the right side, we quotient by {Z^ :— X]pgA(i)('^' /'^'^ ^ ■ 
to obtain an isomorphism : 

W^zW^ — > B'^^ 

between the residual GKZ-module restricted to z — and the residual Batyrev ring. 

Proof. — The second statement follows easily from the first one. 

The morphism h is well defined since h{n(i) = Rd, hic^p) = Xtop and that setting z = 
makes the algebra A2 becomes commutative. It is surjective by construction. We construct 
its inverse morphism. Consider the isomorphism of commutative C[g^]-algebras, where P is 
sent on P : 

(4.17) C[q^][xp] A,/ {z) 



Xp I — > Xp = zSxp 

Where the overline notation means its image in the quotient A2/ {z). Recall that for d G 
H2{Y,Z), we denote Rd := x'^^ — q'^x'^ . We have Rd — D^, and any element of QSR maps 
to G2 (see after (4.12) for the definition of G2). 

Let P be in (QSR : a^top), we show that P belongs to Quot(ct^, G2). Then the morphism 
defined in (4.17) will induce the inverse of h. 

There exists a set of polynomials {Ad,d G V} such that: 

(4.18) XtopP = Yl Mq, x)Rd{q, x) 

deP 



37 



For such an expression above consider the biggest (using the order see §3.4. a), leading 
monomial that appears in Ad{q,x)Rd{q,x) for d E V. Among all the expression of (4.18), 
denote by m{P) the smallest of these leading monomials that is : 

m{P) := min vnax. {Lm^AdRd) i d E V} 

where Lm(S') is the leading monomial of a polynomial S. Notice that m{P) could be different 
than Lm(P). 

As the function (/? used to define the order is associated to an ample divisor we can 

assume -up to a change of ample divisor- that ^{xp) < for any p G A(l). In particular, the 
set of monomial smaller than a fixed monomial m is finite, and possess a smaller element, 
namely the monomial 1. We will prove by induction on the monomial m : 

Him) = "VP G (xtop : QSR), m{P) m ^ P E Quot(c4,§)" 

If m = 1, then XtopP is a constant polynomials, which is only possible if P = 0. Then we 
have P G Quot(q^p, §). 

Put m := m{P) and consider a minimal expression for (4.18) i.e., polynomials Ad for 
d eV such that : 

XtopP — AdRd with max {Lm.[AdRd)-, d G V} = m. 
dev 

Let V* be the subset of V such that Lm{AdRd) — rn. This set is not empty by assumption. 
If d is in V*, Ad can be written : 

Ad = QdUd + Bd, 

where ad G C[g^], Ud = Lm{Ad), Lm{AdRd) = ^i^iAd) ■ Lm{Rd) = Ud-x'^^ = m and 
hm{BdRd) rn. 

li d eV\V* we simply set Bd := Ad, so that : 

XtopP = 5Z c^dndRd + ^ BdRd 
dev* dev 

with Lm{BdRd) -<ip m for any d eV. 

Consider two cases : 

Case 1 : Xtop divides m. Then, for any d eV* , Xtop divides ndx'^^ . Since for any p E ^{i), 
the variable Xp does not appear in a;'^^ (because the Cis are ample and V C NE{Y)), then 
Xtop divides Ud for any d eV* . Set Ud — a^top^d- We find : 

XtopP = a^top ( 5^ Oidu'dRd J + BdRd- 

\dev* J dev 

and the polynomial S = P — Yldev ^'d^-d is in (QSR : Xtop) and satisfy m(5') m{P). By 
induction, the operator S E ^2/{z) is in Quot(q.^p, S). Moreover, the operator 

P^S+Y^ adu'dRd ^S+Y^ oidv!^^ 
dev* dev* 

is also in Quot(q.op, S). 

Case 2 : Xtop does not divide m. Since {J2dev* CidUdRd) + J2dev BdRd = XtopP, the 
coefficient of m in the sum {J2dev* (^dndRd) rnust be zero. This coefficient is exactly a^. 
Fix a class c in V*; then ac = — Xld6P*\{c} '^d, and we have : 

y] Oid^dRd = Oic^cRc + ^ (^d^dRd = ^ oidiridRd - ricRc) 
dev* dev*\{c} deVXic} 



38 



But we have UdRd — n-cRc — riaix'^^ — q'^x'^ ) — nc{x'^^ — q'^x'^ ) and Udx'^^ — rtcx'^^ — m, 
which gives 

(4.19) UdRd - ricRc = -ridq'^x'^' + ricq'^x"' . 

Moreover, xtop divides any x'^ for any d e V (because the CiS are ample and V C 
NE{Y)). Denote by e = (ep)pgA(i) the multi-index that equals to for p G A(i) and 1 for 
p G A'Ii). We have x'^ = XtopX'^ ^^ This gives, in (4.19) : 

UdRd - ricRc = Xtop {ncq'^x" - Udq'^x'^ "^^ . 

For deV*\ {c} set Cd := n^q'^x'''-^ - Udq'^x'^'-^ We get : 

XtopP = Xtop I ^ adCd + ^ BdRd- 

\deP*\{c} j deV 

The polynomial S := P— (^^d€'P*\{c} '^dCdj is in (QSR : a^top) and satisfies m{S) -<y, m{P). 

By induction, the operator S is in Quot(qop, §). Moreover, for any d G V*\ {c}, the equality 
XtopCd = UdRd - ricRc gives in A2/ (z) : 

c,%,Cd = ndO^d - ^cD^- 



We deduce that Cd is in Quot{ctop, S). Finally, we have 

( '^'i^d \+Se Quot(ctop\§). 



□ 



5. Isomorphisms between quantum D-modules and GKZ systems via mirror 

symmetry 

5.1. Recalls on Mirror symmetry. — We start by some recalls on mirror symmetry in 
the framework of Givental. Here, we suppose that X is a smooth toric projective variety 
endowed with k globally generated line bundles Ci, . . . ,Ck such that {cux <Si Ci <^ ■ ■ ■ <S) C^Y 
is nef. We put 8 = ©f^i^Cj. 

We introduce a cohomological multi- valued function which will play a central role in mirror 
symmetry. Recall that to is the coordinate on H^[X). In the definition below, we use the 
notation ^^o,i,ci(l) for the vector bundle on X^^i^d defined in Subsection 2.1. a. 

Definition's. 1. — We define local section J*^ of F = H^*{X) x {H^{X) x F x C) ^ 
{H^{X) X F X C) by : 



J'-{to,q,z) :-- 



1+.-' 



( Ctop(g0,M(l)) 



V Z — 



) 



where to is in H^iX), q is in V, z is in C, is defined before Definition 2.5 and q'^^^ 

-'^^ qr''^' := e^~'^-=i^"i°s(<?a) as in the definition of the function L*^ (Formula 2.16). 

The relation between this function J*" and L*" is given by the following proposition. 
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Proposition 5.2. — We have 

c,,^{S)J'-{to,q,z) = e*»/^g^/^Ctop(^) (l + 0{z'^)) 

I 



s-\ 



\ 



a=0 deH2(x,; 



Z — ip 



\ 



rj-ia 



0=0 



Proof. — The first equality follows from the definition of J'^(to, q, z). 

By definition of twisted Gromov-Witten invariant and projection formula, we have : 



TgCtopjE) \ 



z — lb 

I 0,l,d 



7;Uctop(^)Uei, 
We deduce the second equality from 



/^ Ctop(^0,l,c;(l)) ^ nvir 



E T\Ciap{S)\ rpa ^ (c\^ [ Ctop(^0,l,(i(l)) ^ IvirA 
a=0 \ ^ / 0,l,rf \ / 

Let us show the third equality. Using Proposition A. 2 (twisted invariance) and Propo- 
sition A. 4 (twisted string equation) we deduce that for d 7^ in H2{X, Z), 



(5.3) 



7)Ctop(^)) —Z 



z-ip 

I 0,1,' 



Using Formula (2.16) for L*'^(g, 2;), we have 

s-l 

Y,S{L'-{h.q.z)Ta,l) 

= e*°/^^(g^/^r„,i)*"r« 



0=0 



a=0 

s-l s-l 



EE E 



q 



a=0 6=0 deH2(x,z) 



Z — ip ' ^ ' 



( 



s-l 



V 



a=Q deH2(x,z) 



z — 



^,Ctop(^)) T« 

/ 0,2,d 



As the expression above does not depend on the choice of a basis. Let us choose the basis 
(g-'^/^r„)„e{o,...,s-i} whose dual basis is {q^/'^T'')ae{o,...,s-i}- Then we get 
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s-1 



a=0 



^to/z^T/z 



( \ 

a=0 deH2(x,z) \ ^ I 0,2,<i 



Then you apply (5.3) and we get the desired equahty. 

Show the last equality. From Proposition 2.20, we deduce that 

5(L*"(io, g, z)T,, L*-(io, g, z)\) = 5(r„, 1). 

Recall that (•, •) is the Poincare Duality on X. We deduce that 

s-\ s-\ 

J2 S {L'-{to, q, z)n, 1)T^ = J2 i^a, ctop(^) {L'-{to, q, z))'' l) 

a=0 0=0 

^C,^{£){L'-{to,q,z))-'l. 

We deduce a relation with L. 
Corollary 5.4- — We have, in the reduced cohomology ring H^* (X) / ker mct„p 

J^{to,q,z)^(L{to,q,z))-'l. 



□ 



Proof. — The last equality of Proposition 5.2 implies that J*"(to,g, ^) = (-^*™(^o, 5, ^)) ^1 
which is {L(tQ,q, z))^^l by definition of L {cf. Formula (2.32)). □ 

Recall that to a ray 9 e S(l), we associate a toric divisor denoted by Dq. For any classes 
d e H2{X,Z), put 

de := / De and di. := Li = / ci{jCi). 

Jd Jd Jd 

We define a cohomological multi- valued function by 

(5.5) I{q,z):=q^/^ J] g%(^) 

deH2iX,Z) 



where 



' rtfl^^L^+m£) ^ Ul=-^im+mz) 



The mirror theorem of Givental {of. [Giv98, Theorem 0.1] and [CG07, Corrolary 5]. See 
also [CK99, Theorem 11.2.16] ) tells us the following. 

Theorem 5.6. — [CG07, Corrolary 5] Let X he a smooth toric projective variety with k 
globally generated line bundles Ci, . . . ,Ck such that {ux^jCi^- ■ -(Ej/^jt)^ is nef. There exists 
a neighborhood W of the large radius limit g = m V, defining an open set W :— W HT in 
T (cf. Notation 2.13) and there exists a single-valued map 

Mir : C T ^ H^{X) ®V C H%X) © T 
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a=0 



such that 

Mir(g) = (0, q) + 0(q) and J^^fMirfg), ^) 

F{q) 

where F{q) is an invertible function which is the first term in the development of the function 
I in the power of that is 

I{q,z) ■.^F{q)l + 0{z-'). 

Proof. — Most of the statements are proved in Corrolary 5 of [CG07]. The single- valued of 
the map Mir is proved in the section 4.1 of [Iri09]. The two things that are not proved are 
the statements about the existence of the neighborhood W and the asymptotic of Mir. To 
compute the mirror map, we develop the function I in the power of z~^, we have 

r 

I{q, z) = F{q)l + Z-' ^ + Oiz''). 

where F{0) = 1. Then we have : 

Mir(g) := * o TT ( F{q)-' J] G'„(g)T, 

\ a=0 

where tt the quotient map H^{X) © H\X) -> H^X) © H\X)/H\X,Z) and * is an 
isomorphism between H'^{X)/H'^{X,Z) and T (Formula (2.10)) We will prove that 

r r 

(5.7) F{q)-'Y,Ga{q)Ta = T„ log(g„) + 0(g) 

a=0 a=l 

This will imply both statements on the map Mir. 

To prove equality (5.7), we need to develop the function / with respect to z~^. Denote by 
NE(X)2 the (integral) Mori cone of X. From [CK99, Proof of Proposition 5.5.4 p. 100] we 
deduce that the terms in the definition of the / function (see (5.5)) vanish when d ^ NE(X)z, 
that is we have : 

(5.8) I{q,z) = q^/^ J] q'A,{z). 

As for any i e {1, . . . , /c} the divisor Lj is nef^^^ we deduce that d^. > for d e NE{X)z 
that is 

M^) = [[[[i[Li] + mz) [[ —J — — 

f=i ^ii emi) Ur^=-oo ( [De] + mz) 



We develop the cohomological function I{q,z) with respect to 2; ^ to the order 1. For any 
9 e S(l), put e{dg) ~ 1 ii do < and otherwise. We find that I{q, z) is equal to 

deNE(x)z \i=i / 6ieE(i) ^ ■ 

(r k di^i \dg\-e(de) \ 

Y^Ta^^M + Y.^L.^, E - - E ^De] E " + 
a=l i=l m=l e'eS(l) m=l / 



Recall that for a toric variety whose support of its fan is convex, a line bundle L is globally generated if 
and only if L is nef (c/. [Mus, Proposition 7 p. 22 chapter VI]). 
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We decompose the Mori cone in four disjoint subsets : 

A:^{de NE(X)z I c?(Kx+E.i.) = ^nd de > 0, G S(l)} 

{d e NE(X)z I c?(i^^+E,L.) = and 31^0 e S(l), = 1} 

e NE(X)^ I c^(K,+E,iO = -1 and = 0, e E(l)} 

ne{x)^\{aI[bI[c}. 



B 
C 

D 



As —Kx — Li — ■ ■ ■ — Lk is nef, for any d G NE(X)z we have d(^Kx+Li+---+Lk) ^ 0. So the 
first term in the Taylor expansion is the constant term which appears only for d & A. This 
term takes value in H^{X) i.e., it is F{q)l with F the following scalar function : 



deA 



6»es(i) 



del 



Notice that this function is invertible in a neighborhood of g = because d — belongs to 
A so that F{q) 7^ in a suitable neighborhood of 5 = 0. 
Compute the term in front of : 

1. from A, we get the following element in H'^[X) 



E 



deA 

2. from B, we get 



a=l / 1=1 m=l 6'eE(l) m=l 



-'[Do,] fE^'(-i)"'^°"' fri'^^^') (-'^^o - n J 

\deB \i=l / ej^9o ^ ^ 



3. from C, we get 



Me 



KdeC 



d Ui=i ^lJ - 
^ Uodel 



e H%X) 



Now we develop with respect to q when q is near 0. As d = belongs only to subset A, we 
deduce Equality (5.7). □ 

Remark 5.9. — If we are in the most famous case of the quintic in X := that is £ = 
(9(5). We have NE(X)z = N, C®ujx is trivial, and the toric divisor Dq satisfies [Dq] = i7 e 
i/2(x), where H = ci(0(l)). For any d e NE(()zX) C H2{X,Z), we have de ^ d > and 
di — 5d. The subset is N and B, C are empty so that 

Fia^-S^a'^^'^^- 

^(^)-z.^-p)F 

d>0 ^ ' 



and the term in front of 2; ^ is 

,(5d)! 



E 



y /ji\5 



H log q 



hd ^ 1 ^ 

5i/y--5i^y- 



m=l 



m=l 



-H 



'^wi°s^+5(E/|f E^' 
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5.2. Isomorphism's theorems. — Wc can now state our main theorem. Recall from 
Section 2 tha^we defined QDM(X,^) := (F,V,5,Fz) and QpM(X,^) := (F,W,S,Fz) 
where F and F are bundle over ^ x C. We denote by J-" {resp. J-") the sheaf of sections of F 
{resp. F). 

Recall that 1^ is a neighborhood of the large radius limit g = in T C V. In Theorem 
5.6, we defined a map 

Mir X id : X C ^ H^{X) xV xC 
{q,z) ^ {Miv{q),z) 

Recall from Theorem 4.10, the sheaf M. \uxc is a vector bundle of rank dime H'^*{X) with 
an integrable connection. Notice that for the sheaf J<4^^ we only have the result of Theorem 
4.14 that we do not have a priori the local frecncss over UxC The local freeness for Ai^*^^ will 
follow from Theorem 5.10 below (see Remark 5.11). Recall that Ai is defined (see Definition 

4.4) as a quotient by an ideal denoted G. Using Notation 4.1, we put Ctop '■= Y[i=i^i{^i) 
that is 

k r 

i=l a=l 

where for i e {1, . . . , k} and ci(£i) := Yll=i K^a- 

Theorem 5.10. — Let X he a smooth toric variety with k line bundles £i, . . . ,jCk such that 
{cjx ® >Ci ® . . . ® CkY is nef. We put £ := Q)i=iCi. For a small real number e in lR>o, put 

We := {{qi, ...,qr) eW \ < < e}. 

There exists e in ]R>o such that 

1. // the line bundles Ci, . . . ,Ck df^^ globally generated, then we have the following isomor- 
phism of sheaf of OwsxC-iTT'Odules : 

A^k.xc ^ (Mirxid)*(^,V) 

where Mir is the mirror map of Givental. 

2. // the line bundles £1, . . . are ample, then we have the following commutative dia- 
gram 

Mkexc (Mir X id)*(J^, V) 

A^-^^V.xc (Mir X id)*(J, V) 

Remark 5.11. — Recall that M. \uxc is locally free by Theorem 4.10. However, as far as 
is known at this point, M."^^^ \uxc is only locally free of expected rank over U x {0} and 
locally free (of a smaller or equal rank) over UxC* (Theorem 4.14). Theorem 5.10, gives 
us local freeness of M!'^ \uxc (see the end of the proof). 

Theorem 2.42 says that under some conditions we have QDM(X, £^) ~ Q^M^^^^Z). So 
we deduce the following corollary. 

Corollary 5.12. — Let X be a smooth toric variety with k ample line bundles Ci, . . . ,Ck 
such that {ujx<S>jO,i<S>- ■ -^vCfe)^ is nef. Let Z be the zeros of a generic section of S :— ©f^iA- 
Assume that dime Z >3. We have A^'^^^jw^xC is isomorphic to (Mir x id)*{F^^^, V^^,)- 

Remark 5.13. — This corollary answer to the question addressed in the [CK99, p. 94-95 
and p. 101]: "What differential equations shall we add to Q to get an isomorphism with 
QDM^JZ) ?" 
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To prove the Theorem 5.10, we will need some preliminary results. 

We denote by Mir* V the pullback connection on the bundle (Mir x id)*F W x C For 
an endomorphism u, we denote z"^ := exp{ulogz). 

Proposition 5.14- — With the hypothesis of Theorem 5.10. 

1. The morphism 

V •■ M\w.^c (Mir X id)*(J^, V) 
P{q, z, zSg, zS,) ^ L*"(Mir(g), z)z-^'z''^^^''®^^^P{q, z, zSg, zS,)z-'''^'^''^^^^z''J''"{Mir{q), z) 

is well defined. 

2. The morphism above induced a well defined morphism (p' that make the following dia- 
gram commutative. 

M\w.^c (Mir X id)*(J-, V) 

TT 

Al'^'VexC -'^'^ (Mir X id)*(J, V) 
Moreover the composition morphism tt o (f sends 

P{q, z, zdg, z6,) ^ P{q, z, z Mir* V^^, z Mir* V^JT. 

Remark 5.15. — We should say a word on the definition of ip that seem quite complicated. 
The reason is that we want the natural expression for ip' which is the one above. All the 
problem comes from J*" (to, z) is not L*"(to, 9, -z)"^!, but they are equal after cupping by 
Ctop(^) (see Proposition 5.2). Of course if we cup by Cxo^{£) the expression above of </?, it 
simplifies a lot, but it will not be an isomorphism anymore. 

Proof of Proposition 5.14- — From Theorem 5.6 we have that J*'*^(Mir(g), z) — I{q, z)/F{q). 
Lemma 5.16 shows that the morphism (p is well defined. 
Lemma 5.21 implies that for any R e Quot(ctop, G) we have 

i^^-ci(rx®£^)2M/(g,^) = 0. 

This implies that </?' is well defined. By Corollary 5.4, we have 

Jt^(Mir(g),;2) = (L{Mix{q),z))-^l. 

We deduce that 

TT o ip{P{q, z, z5g, 5,)) = P{q, z.zMu* Vs„ Mir* V5jI(Mir(g), ^) Jt^(Mir(g), z) 

^P{q,z,zMiT*Ws,,MiT* V^JT. 

□ 

Lemma 5.16. — Put q'^ := HLi = IlLi 9a"- ^or any d e H2{X,Z), we have 

□d (^z-^'^^''^^^h^'I{q,z)j = 
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where 

k '^L- — 1 

□.-nn(^^+-) n n (^^--) 

i=i v=\ 0es(i) i^=o 

nil n n(s«— ) 

C := z8^ + ci(7j^£^) (c/. Notation 4.I) 

Proof. — In this proof, we denote dfxi^E^ '■— /^ci(7x <S> E^). For any a e H'^{X), we have 
[//,«] = a. This imphes that 

(5.17) z''^ = a^'^. 

From this we deduce that z^A^^z) = z~'^'^x«'i^'^ Aa{l). Using the definition (5.5) of the coho- 
mological function I, we deduce that 

(5.18) z-'-^^^^^'^'^z^I{q,z) = Yl /+'^"''^'^"®^'^"'^-«^"^d(l)- 

d£H2iX,Z) 

For any class a G H'^{X), a direct computation shows that 

(5.19) aq^+'' = q^+''z{a + d^) 

(5.20) ^(5,(^-^^(^^®^")-'^^i(^^®^^)) = z{-Ci{Tx ® S^) - dTx^£-.)z-'''^^''®^^^-^W^ 
We deduce that 

z5,(?^+'^z-^^('^^®^"^-''^x®£V) _ _ci(7j®~£:v)(g^+<^^-^i('^^®^")-''r^®^-). 

This imphes the second equahty of the Lemme. 

Using Formula (5.19), the equality □d(z-^if^^®^'')^^J(g, ^)) = for any d e H2{X,Z) 
reduced to the equality below. For any d, d' e H2{X, Z), a direct computation show that we 
have 

k '^ti d+-l 

^d-d'(i)nn([^^]+(^-^')L.+^) n n([^'^]+(^-^>-^) 

i=i v=i ees(i) v=0 

k -^li d^-l 

i=i 1^=1 ees(i) i/=o 

□ 

Recall that G is the ideal that defined G {of. Definition 4.4) 

Lemma 5.21. — If R{q, z, z6q, z6z) is in the quotient ideal Quot(ctop,G) then the coho- 
mological valued function R{q, z, z5q, z5z)z~'''^^'^^'^^^^z^I{q, z) belongs to ker mc^^^ where rUc : 
Oi ^ Ctop(^^) U a. 

Proof. — In this proof, we denote dq-x^e'^ '■= /^Ci(7x ® ^^)- From Formulas (5.19) and 
(5.20), we deduce that 

(5.22) R{q, z, zb^, zS,)q^+'^z-^'^'^''^^^^-'^rx^^^ 

= R (g, z, z{T + d), z{-Ci{Tx ® - drx^sv)) qT+d^--,{T^^s-)-dr^^,y _ 
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We decompose 

R{q,z,zSg,z5^) ^ ^ q'^'Rd'{z,zSg,zS^). 

finite 

From Equalities (5.18) and (5.22), we deduce that 

R{q,z,zSg,zS,)z-'''^'^^^^^h''I{q,z) = ^ q'^+'^z-'''^'^''^^^^-'^W Baiz) 

deH2{X,Z) 

where 

Bd{z) := {z, z{T + d), z{-c^{Tx ® S^) - dr^^e-)) Ad-d'{l). 

finite 

To prove the lemme, it is enough to show that c^op{£)Bfi{z) = for all d G H2{X,'E). Prom 
the definition of the ideal Quot(ctop, G) and Lemma 5.16, we have 

c,opR{q, z, z5g, z5,)z-''^^^^^"h''I{q, z) ^ 
J2 q'+^z-^^^-^-^'^'^-'r.^^^ (f[ z ([L,] + d,^)) B,{z) = 0. 

d&H2{X,I.) \i=l J 

As Ctop(^)-Bd : C H*{X) is a polynomial function in z, it is enough to prove that it 
vanishes on C*. Assume z e C*. As q e {C*Y, we deduce that and z~'^^^'^^^^''^ are 
invertible in H*(X). Denote by Id '■— {i G {1, . . . ,k} \ dii = 0} and its complementary 
set. For i e the class [Li] + dii is invertible in H*{X). So we deduce that 




This implies that Ctop{£)Bd{z) = as Ctop{£) = Yli=i[Li\. □ 

Proof of Theorem 5.10. — We first prove that Lp is an isomorphism. Theorem 4.10 implies 
that rkM. — rkF. So it is enough to prove that the morphisms </? are surjective near the 
large radius hmit point. Prom (5.8) and (5.19), we deduce that for any a e H'^{X), we have 

al{q,z)^q'''^{a + 0{q)). 

As H'^*{X) is generated by H'^{X), we deduce that for any a e {0, s — 1}, there exits an 
operator Pa{q, z, zSg) (notice that we do not need in the operator Pa) such that 

Pa{q, z, zSg)I{q, z)F{q)-' = g^/^(r„ + 0{q)) 

where F{q) is defined in Theorem 5.6. Prom the definition of the function L^{to,q,z) 
{cf. Equality (2.16)), we deduce that 

L*-(io, q, zh = e-*°/^g-^/^(7 + 0{q)). 
By the mirror Theorem 5.6 we have that 

Mir(g) = q + 0{q). 

Putting the last three arguments together, for any a G {0, . . . , s — 1} we have 

ip{Pa{q, z, z6g)) = L*™(Mir(g), ^)g^/^(T„ + 0(g)) = T„ + o(l). 

This proves the surjectivity of ip near the large radius limit. As it is an open condition, it is 
true in a neighborhood of g = 0. 

Let prove that (p' is an isomorphism. Pirst, the surjectivity of (p implies the surjectivity of 
71 o (p. We deduce that Lp' is also surjective. On z ^0, Theorem 4.14 implies that the rank of 
Ai'^'^^ is less than rk F. Hence the surjectivity implies that its rank is rk F. This also implies 
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that Al"^^ is locally free on [/ x C of rank dim = rkF. We deduce that </?' is an 

isomorphism. □ 



A 

Twisted Axioms for Gromov-Witten invsiriants 

In this Appendix, we will state and prove the twisted axioms for twisted Gromov-Witten in- 
variants. For the "untwisted" axioms, we refer to two papers of Behrend and Manin ([BM96] 
and [Beh97]). Some of the twisted axioms are stated (but not proved) by Pandharipande 
in [Pan98]. One should also mention the indirect proof given by Tseng [TselO] where the 
Corollary 4.2.3 implies the twisted axioms even though there are not stated there. This 
appendix is due to lack of references on twisted Gromov-Witten invariants. Its aim is to fill 
a gap concerning results well known by experts. 

RecaU from Notation 2.1 and Tq, . . . ,Ts-i be a basis of H^*{X). We denote by the 
Poincare dual of for a e {0, . . . , s — 1}. Let d be in H2{X, Z). Denote Xo^^^a the moduh 
space of stable map of degree d from rational curve with i marked points to X. For i in 
{!,...,£}, denote by Cj : Xo,^,(i ~^ ^ the evaluation map at the ith marked point. The 
universal curve is 



where tt is the map that forgets the {£+ l)-th point and stabilizes and e^+i is the evaluation 
at the (£ + l)-th marked point. For the definition of twisted Gromov-Witten invariant, we 
refer to Definition 2.5. Let Sqjj be the sheaf defined in Proposition 2.2. For j in {!,... 
we have the following exact sequence (see (2.4)) where the surjective morphism £o,^,d ~^ ^ 
evaluates the section to be the j-th marked point. 



(A.l) > £o,e,dU) > W,d > e* ^ ^ 

We do not have a true S'^-ii 
have the following proposition. 



We do not have a true S'^-invariance for the twisted Gromov-Witten invariants but we 



Proposition A. 2 (Twisted S'^'-invariance). — For any 71, . . . , 7^ in H'^*{X), mi, . . . , 
in N, for any a & and j in {1, ... , £}, we have 



''"mi 

(ci(£) U 

0,£,d 



.(i)(7a(l)), ■ ■ . ,T^,(.)(ci(£) U7^(^-)), . . -^^rn^wiMi))/^^^ 

Proof. — From the exact sequence (A.l), for any j in {0, ... , £} we have 

e*{ci{S)) U ctop(^o,£,d(i)) = ctop(^o,£,d) 
This implies the proposition. □ 

Let us recall some notations from Gathmann [Gat03]. For i in {!,...,£}, consider the 
injection morphism cTj : Xq^^^^, ~^ ^Q,e+i,d which replace the i-th marked point by a con- 
tracted rational component with marked point Xi and x^+i (see Figure 2). The substack 
Di :— crj(Xo,^,d) is isomorphic to Xo,^,d ^-nd 7r{Di) — Xo,^,(i- So Di carries a natural virtual 
fundamental class denoted by [i^i]^''^ and it is of virtual codimension 1. Usually, we call it 
boundary divisors. We have the following proposition which is proved in [Gat03]. 
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Figure 2. L'application o-j. 



Proposition A. 3 (See Corollary 1.3.2 [Gat03]). — Lett bemN. Letd bemH2{X,Z). 
Let 7i, . . . , 7^ be in H'^*{X). Let mi, . . . , 6e m N. Let a be in if^*(Xo,£+i,ci). We have the 
following equality in i?*(Xo,^,d) 

( . \ 



i|mi>0 y 



Proposition A. 4 (Twisted Fundamental class equation / string equation ) 

Let I be in d be in H^iX^ Z), 71, . . . , 7^ be in H^*{X) and mi, . . . ,m£ be inN. Denote 
by 1 the unit of the cohomology ring. For n > 2 or d ^ and for k & {1, . . . , n}, we have 



= X] (r„ji(7i),...,r^,-i(7i),...,r„,(7fc),---,T-m<(7^) 



i|mj>0 

Remark A. 5. — From Propositions A. 2 and A. 4, we deduce 

(7l),---,T-r„,(7^),Cl(£) 

= XI (t^i (71), ■■■,7-mi-l(7iUCi (£)),..., T^, (7^) 
v.mi>0 

= X ('^rni (71 UCi (£)),..., T^,_l(7i),...,T^,(7^) 



■.rai>0 



OJ,d 



01,d 
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Proof of Proposition A. 4- — We have 

ilk), - ■ ■ ,rme{'ye)A 



o,e+i,d 



deg TT, JJC'' e* 7i " Ctop(^o,£+i,d(A:)) • [^o,£+i,d] 



.1=1 



We use Proposition A. 3 with a — Ctop(^^o/+i,rf(^))- We get 



(A.6) 



\j=l 



3=1 



( 



i|mi>0 



v 



7r*(ctop(^^o/+i,rf(/;;)) ■ [A 



As /c 7^ £ + 1, we have Ctop(i^o,^+i,d(^)) = 7r*Ctop(i'o.Ad(A;)). 

By Axiom IV (See Definition 7.1) of [BM96] proved in [Beh97]. We have 7r*[Xo,£,d]'''' = 
[Xo^+i^d]"^'"^. As TT is of relative dimension 1, the morphism tt^tt* is the zero. This imphes 
that the first term in the right hand side of (A.6) vanishes. By definition of the virtual 
class [-Dj]"'' (see paragraph before Proposition A. 3), we have 7r*[A]^"^ — [-^o,z,d]^"^- Hence 
projection formula implies the proposition. □ 

Proposition A. 7 (Twisted Divisor cixiom). — Let i be in N>o, d be in H2{X,'E), 
7i, . . . , 7^ be in H*{X, C) and mi, . . . , be in N>o. Let 7 be in H^{X, C). 

ill), rrukilk), ■■■,rme{le),l) , 

/ 0,i+l,d 

7 (Tmi(7l), ■ ■ ■,Tmk{lk), ■ ■ ■ , Tmiile)) 0,e,d 



o,e,d 



+ ^'^7711(71)) • • • ) '^mi-l(7 U 7i), . . . , (7^) 



i:mi>0 



Proof. — We use Proposition A. 3 with a = e|_,_^7. We get that 

ill), Tm^ilk), Trrnilt),! , 



0,l+l,d 



= degTT* e|+i 7 W ^f^' e* 7^ • ctop{So,e+i,d{k)) ■ [Xo,e+i,dY 



(A.9) 



deg n < 7^ • [^0,.,.]^'^ • TT. (e,Vi 7) 



,i=l 



+ J2 

i|mi>0 



C^"' < 7. n C 7.- • ^* (e|+i 7 ■ 



v 
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As 71 is of relative dimension 1, we have tt* e|^^ 7 is in yl°(Xo/,(i), we deduce that tt* e|_^]^ 7 = 
deg(7r* e^_|_]^ 7 ■ [pt])[Xo,^,d]- Let [C, f, x} be a point in Xo,^,^. By projection formula for tt and 
Bi+i, we have 

deg(7r* e^+i 7 • [C, /, x]) = deg(7r, (e^+i7 ■ 7r*[C, /, x])) 

= deg(e^+i7-7r*[C, f,x]) 

= deg(7 • e^+iX[C, f,^]) 

As TT is the universal curve, 7r*[C, /, x] is the class of the curve (C, x, /) and e^+i restricted to 
this curve is /. So e£+i^7r*[C, f,x\ = f*{C,x, f) which d by definition. Sc we get deg(7r^,e^_,_^7- 
[pt]) = deg(7 ■ d) = J^7. So the term in (A. 8) is exactly the first term in the right hand 
side of the equality of the proposition. As 7i^[Di]™ = [Xo,^,d]™ and e^+i is exactly Cj on Di, 
projection formula implies that (A. 9) is exactly the second term of the right hand side of the 
equality of the proposition. □ 

Proposition A. 10 (Twisted Dilaton equation). — Let i be a non negative integer and 
d be in H2{X, Z). Let 71, . . . , 7^ be in H'^*{X), mi, . . . ,me be in N>o. If j G {!,..., £} we 
have 

(Tmi(7l), • • -^Tnijilj): ■ ■ • , Tm^, (7^) , ^ (1) )o/+l,d 
= (-2 + n)(T^,(7i), . . . , Tmji-fj), . . . , rrr^,{'^fe))o,e,d 

Proof. — We use Proposition A. 3 with a — i/^t+i- We use the notation of the proof of A. 7. 
We deduce that for a point [C, /, x\ in Xo,^,d 

M^l^e+i ■ 7r*[C, f, x\) = (-2 + e)[C, f, x] 

Changing e|_,_]^7 by ipe+i in (A. 8), we get 

(-2 + ^)(t^i(7i), . . . , T„^(7j), ■ ■ ■ , rm,{-fe))o,e,d- 

As the bundle Ot^+i {of. before Definition 2.5) is trivial on Dj, we deduce that changing e|_,_i 7 
by tpe+i = in (A. 9) gives zero. □ 

We follow Remark 1.2.8 of [Gat03]. Fix an integer £ and a homology class d in H2{X, Z). 
Let /i, I2 be two subsets of {!....,£} such that IiU I2 = {1, ■ ■ ■ ,n}. Let di, ^2 in Hii^, Z) 
such that di + d2 = d. Denote hj A : X ^ X x X the diagonal morphism. We define 
D{Ii, di \ I2, 0^2) by the following cartesian diagram 

A' 

(A.ll) D{Ii,di I I2,d2) ^ -'^0,7iU{*},di X Xo,l2U{*},d2 



Gnode 



e=(ei,eC') 



X >X X X 

where e^ : X^j^^di X {resp. e" : Xo,/2,d2 ~^ ^) is the evaluation morphism at the marked 
point -k (resp. *). Geometrically, a point in the stack D{Ii, di \ I2, 0^2) is the data of two stable 
maps (Ci,Xi,/i) in Xoj^u{*},di and (C2,X2,/2) in Xo,/2u{*},d2 such that /i(a;i,^) = /2(a;2,*)- 
Identifying the marked points Xi^^. and X2,*, we get a nodal curve C — CiU C2 with a stable 
map / = (/i, /2) : C — )■ X of degree d = di + ^2- We deduce that the D{Ii, di \ I2, ^2) 
Xo^i^d and that the map e^^dc ■ D{Ii - di \ l2- ^2) ^ X is the evaluation at the node which is 
Ci n C2. We define the virtual class on di \ /2, ^2) by the following 

[D{h,di I l2,d2)Y'' A- {[XojM^hdX'' ^[^0M.},d2Y'') 
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A direct computation shows that the virtual codimension of [D{Ii, di | I2, d2)Y" in Xo,^,^ is 
1 that's why we call them boundary divisors^^\ 

To prove twisted Topological Recursion Relations and twisted WDVV, we need to prove 
the twisted splitting axiom. 

Proposition A. 12 (Twisted splitting axiom). — Let i be m N>o and d be in H2{X,7j). 
Let 7i, . . . , 7£ be in H^*{X) and rrii, . . . ,mi be in N>o. Fix a partition /i |J /2 = {I, . . . ,i} 
and two homology classes di,d2 G H2{X, C) such that di + d2 — d. Fix j E h- Denote by l 
the inclusion D{Ii, di \ I2, (^2) ^ -'^o/.d- We have 

«=0 \ ^^■'■e-fl / 0,#h+l,dl \ '^^^ ' 0,#/2+l,d2 

Proof. — We use the notation of the diagram (A. 11). Let pi : Xo,/iu{*},(ii x -^o,/2U{*},d2 ~^ 
Xo,7iu{*},di the projection on the first factor and p2 the projection on the second factor. First 
we prove the following equality 

(A.13) t*Ctop(^^0,M(i)) = Ctop (A>i£:o,7iu{*},(ii(j) ® A'*P*2^Q,l2U{*},d2{*)) 

We define the surjective morphism t*£^o,^,<i ^node ^ ® e* £^ by evaluating the section of 

^*£o,£,d at the j-th marked point and at the node*-^-*. We define £o/^d{j, node) to be the kernel 
of this morphism. We deduce the following exact sequence of bundles over D{Ii, di \ I2, 0^2) ■ 

(A.14) > £o,e,dU^ node) > L*£o,e,d > <ode £®e*£ >0 

Pulling-back the exact sequence (A.l) via the composition pi o A' {resp. p2 o A') on 
^o,/iu{*},di {resp. on Xoj2u{*},d2), we deduce a morphism from A'*p^£:o,/iu{*},<ii {resp. from 
A'*p2^o,/2U{*},ci2) to e^ode^- dcducc the following exact sequence 

(A. 15) > L*So,i,d A'*plSoj,u{.},di © A'*p;Soj,u{*},d2 ^ <ode ^ > 

where at the stable map {C,x, f ) in D{Ii, di \ I2, ^2), as C = Ci U C2 the morphism a sends 
a section s e H^{C, f*S) to {s\ci, s\c2)- The morphism b send (51,^2) to Si(^) — S2{*). The 
sequence above is exact because if si(*) = S2(*) then they glue in a section in H^{C, f*£). 
Prom (A.14) and (A. 15), we deduce the following exact sequence 

(A.16) 

> £oAd{j, node) > A'*pl£oj^u{i.},di (j) ® ^'*P2^o,/2U{*},d2(*) > Cde ^ > 

Denote by Ct{£) the total Chern class of 8. From (A.14) and (A.16), we deduce that 

ct (AVi^o,7iu{*},di(i) © A'*plSoj^u{*},d2{*)) = Ct{8o,e,d{j,node))ct{el^^^S) 

= ct{L*So/^d)ct{e*S)~^ 
= Ct{i*So,e,d{j)) 

This implies the Equality (A.13). 

Let us prove the Equality of the Proposition A. 12. Denote by Xi := ^o,/iu{*},(ii) X2 
Xo.iAj{*}42^ ^1 := ^o,iiu{*},di{j) and 82 := ^^o,/2U{*},d2(*)- We have 



The Di defined before Proposition A. 3 are special cases of D{Ii,di \ 12,(^2) 
(^^Notice that the evaluation at the node is not defined on Xo,^,d but only on D{I-i,d\ \ /2,<^2)- 
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J [D{h,dl\h,d2)]^'' ,-l 



' [D{h,dl\h,d2)]^'' j=l 



i=l 



On Xi {resp. X2), we denote by ■?/'^ {resp. ip'l) the -(/^'s classes and c'^ (resj>. c'/) the evaluation 
map. We put := ^™*e*7i, a- := e •* 7^ and a" := V^f™' ef 7,. Using the Diagram 
(A. 11) and Equality (A. 13) , we push forward to X x X and we get 



/ ctop(i*<?o,^,d(i))TTQ; 

7[D(7l,dl|72,d2)]vir .^^ 



= deg A,A* e, Ctop(^i) ® Ctop(^2) ■ [XiY'' ® [Xa]""^ J] ® [X^] \[[X^] ® a^' 

Now, we use that A*A* is just the intersection with the class of the diagonal, which is 
X^a^'a ® T"". Using projection formula, we deduce the Equality of the proposition. □ 

Remark A. 17. — We have also the following equality 
(A.18) / ctoA^*£o,eAj))ll^r^:ii 

J[D{h,di\l2,d2)Y" j=i 

s-l _ 

"=° \ / 0,#7l+l,(il \ ^^-^2 ' 0,#/2+l,d2 

Where the double tilde mean that we are twisting in the Gromov-Witten invariant with 
two classes namely Ctop(^^o,7iu{*},di(i)) and Ctop(^o,/iu{*},di(*))- The proof is almost the same. 
Instead of the exact sequence (A. 16), we use 

> SoMj, node) > A'*p*£o,/iu{4,di (j, '^) ® A'*plSo,i,u{*},d2 > <ode ^ > 

So we get the equality 

''*Ctop(^0,^,d(j)) = Ctop (A'>i£o,/iU{*},di(j» © A'*P2^o,72U{*},d2) 

With the same arguments, we get Equality (A.18). 
Denote by r := Yll=liaTa- Denote by 

(A.19) ((r^,(7i),---,r„,(7^)))o:=E E 

e>o deH2ix,z) 

Proposition A. 20 (Twisted TRR i.e., Topological Recursion Relation) 

Let 71,72,73 be in H'^*{X). Let mi, 777.2, ma be in N>o. We have the following equalities : 

s-l 





(A.21) ^^T^i+i(7i), 7-^2(72), 7-^,13(73))) = E\V"*2 (72), 7-^3(73), 2"")) ((7-^1(71), 

a=0 

_^ s-l _^ 

(A.22) ((TZ^Ji),TmM,Tms{l3))) = ^ (i'^rnM , Tmsils) ,T'')) UT^l),Ta 



° 0=0 
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Proof. — The proof is completely parallel to the classical case (c/. for instance Proposition 
1.3.9 of [Gat03]). We have 

/lU/2 = {l, .■.,<} 

2,3e/i,ie/2 

Intersecting this equality with ijj^s classes and e* 7 and using twisted splitting axiom of 
Proposition A. 12, we deduce the twisted TRR equality. □ 

Remark A. 23. — Using Remark A. 17, we get two other twisted TRR relations 

_^ s-l ^ 

'Tm^+lM,'^m2M,Tms{^3)))^ = Yl ((^^2 (72) , T,„3 (Ts) , ?"))^ {{TmM,Ta))o 

a=0 

^ s-l 
(71) , ^7712 (72) , (73) )) =Y1 ^^^"^2 (72) , (is): T")) 

\\ ''mi(7l)) -^a 



a=0 



Proposition A. 24 (Twisted WDVV equations). — -^6^71,72,73,74 be inH'^*{X). Let 
mi, 1712, 1713,1714 be in N>o. We have the following equality : 



s-l 



(A.25) {(^Tm,{'yi),Tm2{l2),TaJJ^ ({Tmsils) : TmA^A) :T 

a=0 

s-l _^ 
= Yl \y^^ ' ^'"s (73) , Taj) (iTrn^ (72) , {1a), 



a=0 



Proof. — The proof is completely parallel to the classical case (c/. for instance Proposition 
1.3.8 of [Gat03]). We just use the twisted splitting axiom instead of the classical one. Prom 
Axiom V of Definition 7.1 in [BF97] proved in [Beh97], we have 

Y [D{Ii, di I I2, d2)f = Y ^1 I ^2, d2)f . 

d-^ -\-d2=d di-\-d2=d 
/lU/2={l,-,^} /lU/2={l,-/} 

l,2e7i,2,3e/2 l,3e7i ,2,46/2 

Intersecting this equality with ■^'s classes and e*7 and using twisted sphtting axiom of 
Proposition A. 12, we deduce the twisted WDVV equahty. □ 

Remark A. 26. — Using the other twisted splitting axiom of Remark A. 17, we get an other 
twisted WDW axiom 

s-l 



Y ^^'^'"1 (^1) ' (^2) , Ta))o (/^Tms (73) , {id , 

a=0 

s-l _^ 
Y ((^mi (71), 7-^3(73), ra))o (( 



a=0 



B 

Proof of Proposition 2.17 
Proposition B.l. — 1. The connection V is flat. 
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2. For a e {l,...,r} and 7 e H'^*(X) we have 



3. r/ie multi-valued cohomological function L^'^(to,q, z)z ^^2;'^i(7x®^^^) ^5 a fundamental so- 
lution of v. 

Proof — (1) Let us prove the flatness of V. We have to prove that for any a, 6 e {1, . . . , r} 
and for any c e {0, . . . , s — 1}, we have 

(B.2) [V5„,V,JT, = 

(B.3) [V5.,V5jT, = 

The flrst equation comes from the following. 

Vsys^T, = -Sain C Tc) + ^{Ta in < n)) 

Vs^sT, = -6,{n •T Te) + ^(Tfe (T„ TJ) 

z z 

As a, 6 e {1, . . . ,r}, the first terms are equal by the divisor axiom (see Proposition A. 7). 
The second terms are equal by associativity and commutativity of the quantum product (see 
Proposition 2.14). Let us show the equation (B.3). By definition of the connection, we have 

NS., V^JT, = --[5a, €*'-]n + [-Ta*T, S,]Te ' \[Ta*T , ^^T^^c + -[^X^, fx]^ 

z z z z 

The third term vanishes by associativity and commutativity of the quantum product. From 
Equalities below (B.4), (B.5), (B.6), we deduce (B.3), hence the fiatness. 
For any a & {1, ... ,r} and for any c e {0, . . . , s — 1}, we have 



(B.4) 



1 

z 

(B.5) [T,.*7,/i]T, 



^ a 

Z 



e=0 deH2{X,i 

(B.6) T, = 



e=0 d&H2{X,: 

The equality (B.4) follows from 
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Equality (B.5) follows from the difference of the two equahties below. 
T .t" n(T\- ( ^^g(^^) _ dimc^^-rk£\ 

J-a *n H'K-'-c) — \ n o \ J-a*q J-c 



-1 



^ ^-^ ^-^ \ I 0,3,(i 

e=0 d&H2{X,T) 



e=0 ^ ^ deH2{X,2 

(Recall that deg = 2 dim X - deg 7;) ■ 

Let us prove the last equality (B.6). By Divisor Axiom A. 7 and Fundamental class Axiom 
A. 4, we have that 

s-1 

^ ^ \ /0,3,ci 

e=0 d&H2{X,Z) 

s—l p 

Notice that if the Gromov-Witten invariant (Ta, €, Tg, Te ) does not vanish then we have : 

\ / 0,3,d 

^ , deg(re) , deg(re) , f f (T^^^ rv v 

1 H \ h j ci{t) = j Ci{Tx) + 1 - dimcX 

so we deduce that Ci{Tx ® E^) ^ I - dimcX + ^^MZki + Putting this in (B.7), we 

deduce the equality (B.6). 

(2) As 1 is the unit for w*^, we have the first equality. 

Let us prove the second equality of (2). It is enough to prove it for L*™(g, z) := L*'"(0, g, z). 
Let 7i, . . . , 7£ e H^*{X). Denote by 

((Tmi(7l),---,Tm,(7€)))r''" 

the correlator defined in (A. 19) where r is replace by Yla=i'^a^oSQa- 

Using the twisted divisor axiom (Proposition A. 7) and after some computations (see 
[CK99], proposition 10.2.3 for example) we have : 

s— 1 / / \ \ small 

where {ip + z)~^ = ^^>o(~l)^2;~^~ For b E {1, . . . , r}, we have 

s—l II \\ small 

(B.9) ^^^"(^'^)^ = -E((7^'^'"^^)/^ 

Notice that we can write the twisted quantum product with the correlator notation that is 

7iC72 = E((7i,72,7;))7'"r" 



a=0 
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We have that 

s-l 



1 1 V — ^ / / ~ \ \ small 



a=0 



^>0 a=0 c=0 



Using Equahty (A. 21) of Proposition A. 20 (ie., twisted TRR), we get 

z 



a=0 i>Q a=0 

s— 1 / / \ \ small 

Adding (B.9) and (B.IO), we deduce that for any 7 e H'^*{X) and any 6 e {1, . . . , r} 

V5,L*-(g,z)7 = 0. 

To prove the last equahty of (2) we use Formula (2.16) for L*^. Then put G^'^{q,z) := 
e*o/^L*^(to, g, ^)?^/^ Define the vector field € := Ea=i eaf^a + ^o^to where € = CiiXx^S") = 
5^a=i ^a^a- Usiug the sccoud equality of (2), we have to prove that 

{zd, + Lie. +/x)L*"(to, ^)7 = f/^ - ^li^^Ml ^. 



First we show that the operator {zdz + Lieg+//) commutes with G^^{q,z). Then to finish 
the proof we check that for any a e {0, . . . , s — 1} we have 



6=1 

r 

/.(g-^/^r„) = g-^/>(r„) - ^-^?-^/^ ^ iog(g5)n u 7; 

6=1 

(5^ + Lieg)e-*°/" = 

Let us prove 

(B.ll) {5, + Lie^ +/i)G'*-(?, ^) = z)(5, + Lie^ +//). 

The developing in z the terms of G^^{q, z), we denote 

A{a,q,z,j,d) := z-^-'q" (^^\fa) T" 

We have 

... . /dimcX + rk£ deg(T„)\ 
//(^(a,g,z,j,d)) = ( 1 A{a,q,z,j,d) 

S^A{a, q, z, j, d) = {-j - l)A{a, q, z, j, d) 
Ue-^A{a,q,z,j,d) ^ (^J ci{Tx <^ S"")^ A{a,q,z,j,d) 
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As A{a, q, z, j, d) implies that 

deg(7) deg(7;) /" f ^n-\^n^A- v q 

JH ^ \ 2 ^ J Ci{S) = J Ci{Tx) + 2 + dimcX -3 

We deduce that 

/r T- X./ ■ ,x /^deg(7) dimc^-rk£\ ^, . 
(5^ + Liej A(a, 2;, j,d)= I — ^ I A(a, z, j, d) 

This imphes the desired commuting relation (B.ll) hence the second equality of (2). 

(3) For any class c G H^{X), we have that [/i, c] = c. Applying the formula Adexp(x) = e^*^^ 
we deduce that z^^z^^ = c. Put c := ci(7x §>> i^''), this implies 

Using (2) and the equality above, for any 7 e H'^*{X), we have 
V^, (L*-(io,?,^)^-^-2^^^'^"®^"^7) 

= L''"{tQ,q,z)6, (^^-/'^'^iCT'x®^^)^ + (V5,L*"(to,g,-s)) z-^'z^'^^''^^^^ = 
That is L^{to, q, ^)^-m^ci(Tx0£^) jg ^ fundamental solution of V. □ 
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